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1. INTRODUCTION

The genetic parameters that will be considered are
genetic variances and covariances. Standard references (for
instance Cockerham [1963], Falconer [1960] and Kempthorne [1957])
have discussed the common methods and problems associated with
estimating these parameters. Typically some system of mating is
used to generate sets of relatives raised in one or more environ-
ments. Often an analysis of variance (for coilateral relatives)
or covariance (for non-collateral relatives) based on the mating
and envirommental design can be easily constructed. The resulting
variance and covariance components are usually easily interpreted
in terms of covariances between relatives. These covariances
between relatiyes can be also interpreted in terms of genetic and
environmental éomponents and hence estimates of genetic variance

can be derived. The key role of the analysis of variance is not
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surprising since it is a way of partitioning variance,and genetic
variances arose out of partitioning phenotypic variance (Fisher
[1918]).

In many cases (in fact most of those discussed in standard
texts) this partition of variance is enough to make estimation
simple and efficient. However there are cases when this is not
so and in this paper we discuss maximum likelihood (ML) methods
in some of these cases. There are two main cases. One case is the
balanced designs where a partition of variance is possible but
there are more covariances between relatives than parameters to
estimate and hence for some parameters more than one estimate can
be derived. In Section 2 ML estimation is discussed and in
particular a simple estimation procedure very similar to weighted
least squares is given.

The other case considered is the unmbalanced designs, which can
occur, for example, when it is impossible to raise families of
equal size. In this situation many estimation procedures for
variance components have been suggested (Searle [1971]). These
are usually based on analogies with the analysis of variance for
balanced data. In the past,ML estimation has been rarely attempted
primarily because of the computational difficulties. It is .
argued in Section 3 that, in some cases at least, the computational
difficulties are no worse than in many ad hoc schemes and that
the terms in the ML estimating equations are often useful in
animal breeding studies.

In Section 4 we discuss the modifications needed when
animals used as parents are selected on their phenotypic perfor-
mance. In Section 5 we discuss the case when data are available
from more than 2 discrete generations.

2. ESTIMATION FROM BALANCED DESIGNS

The case when a balanced design generates more covariances

between relatives than parameters is now discussed. For example

consider a hierarchical structure in which there are s sires,
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d dams mated to each sire and n offspring raised from each dam,
and data available on offspring and parents (Hill and Nicholas
(1974, Thompson [1976] ). This design generates five variances
and covariances between relatives,namely, covariances between full
sibs, Ofs’ between half sibs, ahs' between father and offspring,

Ufo’ between mother and offspring, 0 _, and phenotypic variance

0; . In heritability estimation the:: structural parameters are
often interpreted in terms of three environmental and genetic
parametexrs: phenotypic variance, additive genetic variance, Oi,
and oi ¢+ the part of the full sib covariance not due to additive
vaeriance, which therefore contains dominance and common environ-
mental terms. The relationship between the two sets of parameters

is given in Table I.

TABLE I
Covariances among Relatives in terms of 012\, 0]2( and 0; .
2 2 2
Covariance OA' UK cp
g 1/2 1 o}
%s 1/4 o o]
e 1/2 o (o}
o 1/2 0 o
2°
[} [o} o} 1
P

We will use this model for illustration even though there are
several agsumptions about genetic relationships, for instance no
epistasis and no maternal effects, that might not be appropriate.
We see there are 5 tovariances between relatives and 3 parameters
to estimate. Hill and Nicholas [1974] have shown how the parent-
offspring and half sib estimates can be combined by evaluating
the variances and covariances of the estimates. This is tedious
and difficult to generalize.- We now know how the ML estimates
can be conveniently calculated.

Suppose xi' Yij and zijm represent observations on sires,
dams and offspring and these are normally distributed about means
ux, uY and uz + with covariances between observations given in



642 o ' _ R. Thompson v

Table I. A convenient way of summarizing the data is to calculate
3 sum of squares and products matrices representing veriation
within dams (§1) between dams within sires (Sz) and between
sires (S3) . We let x., Yi. etc. denote means taken over the
subscript replaced by a dot and

13m=%igm " %4 1.7 %13, = Biy. 7By 0 %, =% -B .

[}
S]]

]
N

Yoy "¥yym ¥y, vy =Y oY ox =X -X .
The sum of squares and products matrices are:

nilz2 IIz

y
. » N AR - D BT
sl-():zzzi )s 8, = '
~Loy g Jm ~ EEzyy, @Iyl
i3 ) i)
2 (1)
nd il z dl z, y Lz, x
... T T DA
2
S;9 @z vy azyg Ly % .
i i
Lz, x Ly, x T =2
s %M S YL T

We note that the 2z, y and x squared terms represent terms in
the analysis of variance of offspring, dam and sire measurements
respectively and the cross product terms represent terms in the
analysis of covariance. The degrees of freedom associated with
S,» S, and S, are vy =sd(n-1) , Vv
The expected value of S

2=s(d-l) and \)3=s-l .

denoted by Vi V), can be written in

~h
terms of the covariances between relatives. We find
2 _ -
- (0%, ), V.= op °fs+n(°fs ohs) %o '
~l p fs ~2 o o
mo P
(62-0_ +n(o. -0, ) +ndo g o 2)
p fs fs "hs hs mo fo
= 2 .
Y3 %o op (o]
2
Oeo o op

The likelihood of all the data can be partitioned into two
parts, one due to the fixed effects and one due to error contrasts
i.e. contrasts with expectation independent of the fixed effects.
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We use this latter log-likelihood, L s to estimate the variance
Parameters arguing that in the absence of knowledge about the
fixed effects the former provide no information about the variance
parameters (Patterson and Thompson [1971] ). In this example the
L is equivalent to the log-likelihood of §l' §2 and s3 and
can be written as

3
1 -1
£ = const - > z vy [logIYh| +tr(§h\_lh )] (3)

h=1
where l:lh=§h/\’h « In order to differentiate (3) with respect to

the parameters we express the Y's as a linear function of the

parameters, i.e.

V=X, 02+xhK02+xh 02 (4)
where the X's are known matrices. The matrices xhi(h=1 2,3;
i=A,K,p) can be derived by replacing the covariances in Vh by
the corresponding coefficients for oi in Table I, for instance
$a=e®), X = (-1 ang ¥jp=1 . The values of o2 that
maximize (3) satisfy

3L 3 3
Fo2 = I v v "th Xpi) - z Vg 1“""h ¥pt) =0 - (5)
i b=l ‘

Usually (5) cannot be solved explicitly and an iterative solution
is needed. One based on using the expected values of the second
differentials that is very similar to weighted least squares is
suggested by Anderson [1973] . 1In this scheme g2 is estimated

i
3 . -
from ~
I A,.02=8B, (6)
j=1 ij ~ 3 i
- 3 3
where Aij=h£1 vy t:r(vh xh_ivh xh ) B =hzl vy tr(v xhiv Mh)(7)

and ‘;h is an initial estmate of Vh . The procedure is
repeated using oi to give vh (from (4)) until the estimates
converge. The relationship with weighted least squares becomes
apparent if we consider the linear model

m = X, °1*°h (h=1, ..., H with the e's uncorrelated ,
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with variances w, . The weighted least squares estimates of

h
ei satisfy q

z Aij ej = Bi (8)
i=1
, B Boa
where A:Lj =hil vy xhixhj and B:I. = hil Wy X oy . (9)

Obviously the weight given in (6) to Mh depends on vh and
§h . If the gh are scalars then the weights are inversely
proportional to Yi/vh which is not surprising since then gh

has a x2 distribution with mean V and degrées of freedom

vh . This procedure has been introd:ced using the hierarchical
example but can be used whenever the data can be split into
independent sum of squares and product matrices and their
expectation is a linear function of variance parameters. Other
analogies with least squares carry over; if A is singular not
all the parameters can be estimated, Zé-l gives the asymptotic
variance-covariance matrix of the estimates which makes it
relatively easy to compare alternative designs and the efficiency
of the ML versus other estimation procedures.

Equations similar to (6) and (7) arise in other estimation
procedures. For example they occur in minimum norm quadratic
unbiased estimation (MINQUE) (Rao [1973)) if ih is chosen to
correspond with the norm being minimized. Other methods (for
instance Horn, Hoxrn and Duncan [1975]) follow from replacing
Qh by Y, in part of (7) and manipulating (6). Another
possibility is to use weighted least squares on the elements of
uh ox the covariances between relatives (Hayman [1960]). This
leads to the same estimates as in the ML procedure but needs the
derivation of variances of and covariances between the elements
of Eh or the covariances between relatives. Although, in theory,
these can be found, in practice the calculations can be intractable.
Eisen [1967] suggested a design for estimating maternal genetic
variances that generated 13 covariances between relatives and so
13 x14/2 = 91 variances and covariances would be needed to
implement the weighted least squares procedure.
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3. ESTIMATION IN UNBALANCED DESIGNS
We discuss in this section ML estimation in unbalanced

designs. In unbalanced designs sensible partitions of the data
are not as obvious as in balanced designs. Often linear models
for the observations (as opposed ?;o linear models for the variance
parameters as in Section 2) are introduced to generate appropriate
partitions. A simple two factor model will be used to illustrate
the main points. Extensions to more general models follow
naturally but need matrix algebra to express the results compactly.

We assume a linear model of the form

Yigq = Gk+bi ey . (10)

In sire evaluation this model is often used and then Yiig is the
vield of the 2-th daughter of sire i in herd-season k, qk is
the effect of herd-season k and Oig is a random variable
normally distributed with mean zero and variance 02 . 1If no
other assumptions are made about ak and b:l. then uk and b
are called fixed effects and (l0) is a fixed effects model.
Alternatively if we assume the bi are normelly distributed with

i

mean zero and variance U; then the b ; are called random effects
and (10) is then a mixed effects model. This mixed model implies
that var(ykil) =02 4 012) and cov(yku’, yk'i'l') -0;‘; if i=4'
and =0 if 1¢¥4' . So the model can be written

Yiae™ %ty (11)
where e)'cil has variance 02+012) and cov(el"iz, e"i'z') = 012)
if i=i' and O if i#i' . often (1l) is a covenient way
of thinking about genetic models and helps in formulating the
linear model (10). In the sire evaluation case if the covariances
between daughters of a bull are assumed to be o§/4 and the
variance of an observation is o2 this is consistent with a
mixed model with of = 02/4 and o2 =012> - o2/4 =0§ (1-h2/4),
where h?2 =a§/o§ .
2 and

b
. Most follow the simple recipe of equating two sums of

Searle [1971] has reviewed methods for estimating o
2
g
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squares to their expectations. One of the commonest (called the
method of fitting constants or Henderson's method 3) is now
outlined because the development is useful in understanding ML
estimation. If %, and bi were fixed effects and were
estimated by least squares they would satisfy

™o “k*f By By =Yoo ¢ (12)
Iy &+ng, By =g, 13
k

where n, ., is the number of daughters of sire i1 in herd-season

k and O indicates summation over a suffix. An analysis of

variance can be constructed:

Source Sum of squares
_ 2
Herd-seasons z i’ko/"ko
Sires (adjusted for Herd-seasons) I bi Yoi (14)
3 - e
Residual z Yiiz z % Yio z bi Yoi (15)

The sires sum of squares is the difference between fitting a

model with % and b, and with L The residual sum of

squares is the sum of s;uares of deviations (¥4 -&k-ﬁi) . In
the method of fitting constants (14) and (15) are equated to their
expectation, which are functions of 02 and o2 , and hence a2
and Og can be estimated. The efficiency of this procedure is in
general unknown and depends on the degree of unbalance and
relative magnitude of 02/0’2> . However using this method with
some unbalanced designs more precise estimates can be obtained if
some of the data are removed (Swiger, Harvey, Everson and Gregory
{1964]1). Another misgiving I feel is in the ambivalence in the
role of bi . They are first assumed to be fixed effects to
generate the sum of squares (14) and (15) and then assumed to be
random effects to calculate their expectations. Further, if the
mixed model is interpreted as (11) i.e. as a model for oy with
correlated errors it can be argued that weighted least dquares

X ° Welighted
least squares would usually require the inversion of a matrix of
size the number of observations. However in mixed models of this

and not least squares should be used to estimate «
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type Henderson (in Henderson, Kempthorne, Searle and Von Krosigk
(1959]) has shown that this inversion can be eliminated and that

the weighted least squares estimate of oy satigfies
a, +I B, =¥, o (16)
ko %k ; Tkt FL T Yo
~ ..1 -~
]f My O+ Moy +Y 7)) By =¥y an

where y = cg/o2 . These equations are very similar to (12) and
(13) except that the coefficient noy in (13) is replaced by
+y-l) in (17). Henderson [1973] has emphasized that the

B, can be interpreted as the predicted breeding values of byll
1 . 1In the sire evaluation case
B

- 2 e 1yn2 - -
L = [noi h /(4+(noi 1)h )](yoi i n uk)/noi i.e. the mean

daughter-yield corrected for herd seasons is regressed back by a
. 2 - 2
factor [nOi h4/(4 + (n01 1)h?%)] ,

Further B, plays a key part in the ML estimation of o2
and og - Patterson and Thompson [1971] have shown that the ML
estimating equations are equivalent to equating

2 _ya -1 a2 .
zykij Xak yko ZBi Yoi and I Bi to their expected value

The first term is similar to a sum of squares of residuals

(cf (15)), and the second term is the sum of squares of bull's
predicted values. Once again an jterative scheme is usually
needed to estimate 102 and cg since (17) depends on og/o2 .
In practical cases I have found the iterative scheme outlined by
Patterson and Thompson [1971] has converged in two or three
iterations. The fitting constant method essentially gives equal
weight to each observation, other methods give weights to the
family means that are functions of their sige. For the one-way

classification i.e. only one herd-season I Bi can be written
2 -1,-2 _ - 2 ~3,~2
as I Y%[y+n] v, Ry %y)/n,1¢ ang [Y+n°1] is the
weighting suggested by Robertson [1962] .
The ML method can be extended to more complicated cases.
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Thompson [1977] has considered the unbalanced version of the
hierarchical design discussed in Section 2. Kempthorne and Tandon
[1953] (for a single family classification) and Ollivier [197L]
(for a hierarchical family classification) have suggested regression
schemes weighting families according to size in order to make most
use of the parent-offspring information. The ML method automat-
ically does this and, where appropriate, uses the extra information
from the sib covariances and enables fixed effects to be estimated.
The ML method can also be generalized to deal with gq traits.

In the two factor case we estimate q X g matrices g2 and gz .

b

Useful equations are then (Thompson [1973])
"o akm+i Ns Bin = Yiom (18)

- . a ;-
M %m* P01 Bin* 2 Yok Bix = Youn (19)

where X-l = gz(gg)_l and the suffix m represents the m-th
trait (m=1, ..., q) . Again éim can be 1nterpret;d as the
predicted value for sire 1 for trait m . It is equivalent to
combining the data on all g traits, corrected for herd-season

" effects, by means of a selection index to give the predicted value
for the m-th trait. The ML estimating equations are natural
extensions of the univariate equations. For instance, the sum of

1l

squares and products of the values B are used. If vy is

diagonal, then (18) and (19) separate iﬁto q parts each like (16)
and (17) and there is no connection between the q variates.

If !_1 is not diagonal a canonical transformation of the
variates enables the equations to be solved in g parts. The
q new derived variates are

% = = .
Yeijr iTm Yyggm @ =1 eer @
where ? , the matrix of coefficients Trm satisfies

TolT =I and Tog?T =D

~ o~ ~ -~

vwhere D is a diagonal matrix. These canonical variates sometimes

have a genetic interpretation in terms of which linear combination
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of traits is most heritable (Rouvier [1969]). They might also
be useful in interpreting results on the effects of errors in
parameter estimates on the efficiency of selection indices
(Harris [1964]).

4. SELECTION OF PARENTS

Sometimes, either through design or accident, the animals
that are used as parents are chosen on their phenotypic perform-
anée. Then some of the usual methods of estimation are biased,
for example heritability if estimated by sib covariances, genetic
correlations if estimated by parent-offspring regression. In
this section it is argued that these difficulties are removed if
ML is used.

Suppose we have observations on v. +V

1 2
on v2 offspring (zi) . Suppose also yli and y21 are

parents (Yi) and

normally distributed with mean zero and variance Vl and V22

and covarianceg V12 between yi and z and also that parents

i

are chosen at random. Let S1 be the sum of squares for the

parental data and Sz the sum of squares and cross products

matrix for parent and offspring data. Let v2Y2 be the

expected value of §2 ,» then V2 and 52 can be partitioned as

v [T Y2} o [fu S
2 -2
Vaa o Va2 Sa1 S
where V11 = V1 and V21 = V12 . The log-likelihood can be

written as
£ =const -% (vllog|vl| +trl(s, - Sll)vzl] + \)2log|\l2 | + tr(§zygl) ) .
(20)
L is of the same form as (3) and hence (6) can be used if Vl
and Y2 are linear functions of the unknown parameters. An
alternative instructive form for (20) follows if we partition £
into two independent parts, one part, £l + the log-likelihood of
y11 + the paf:ntal data and another part, £2 the log-likelihood
of zi--vzlvnyi which can be thought of as the offspring record

given (or conditional on) the parental record. Defining 822 and
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V22. as the sum of squares and the variance of zi 21 llyi . WEe
£ind £1 and L, can be written as
.Cl = const -%((vl+v )logIV | +tr(s V_l)) ’ (21)
- -1
£2 = const 2(v2log|V | +tr(s,, v 22 ) . (22)

We see ML essentially makes use of three pleces of information.

The parental data gives information on V. , regression of =z

1 i

on yi gives information on v21vli and zi-vzlvzi yi gives

information on 'V22. .

Suppose parents are chosen on their parental values, then
following Kempthorne and Von Krosigk (in Henderson et al [1959])
and Curnow [1961] we can write the log-likelihood as the log-
likelihood of parental values plus the log-likelihood of off-
spring values given parental values. This log-likelihood is
again £1-+£2 = £ (20) and the iterative scheme in Section 2 can
be used. One minor modification is needed, Aij ;, depends on the
expected values of the second moments E(yizi) and E(zi) .
Following Curnow [1961] we express these conditional on the selected

-1
parental values. Let v M _ =S8 , then noting that zi--V21Vllyi

1M1%%n
has variance sz and is independent of y; we find
-1
Elyyz) = M),V17Y9, (23)
2y - -1 -1 - -1
E(z]) = Voo +Vo1V1iMiV11V12 = Va2 "V 11(v MV Y, 29
- -1 -
=Vt ARV, VY, 1M, =XV, .
Using (23) and (24) Aij can be found to be
a =§v tr(v, -2 tr (Vs -v.vviix, vilx )
13 5 A xhj (V) Sy =Y E Y By
+2 ex| Vi, -vvvit o\ x. vix . (25)
1 ¥ 79N %as¥2 %oy
o o

Terms similar to (25) have been given by Curnow [1961] (for
parent-offspring data) and Thompson . [1973 and 1976] (for multi-
variate parent-offspring data and multivariate hierarchical
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structures). Using (23) and (24) it can be checked that (5) gives
unbiased estimating equations for ei . Note that in effect we
are estimating the variances in the unselected population. Co-
variances and variances in the selected population could be
evaluated using formulae similar to (23) and (24). Equations (23)
and (24) and natural extensions of them have been used to inveut-
igate the effect of selection of parents on several common
estimation procedures. They can be used to justify parent-
offspring regression to estimate heritability (Falconer [1960]), .
to give measures of biases and to suggest correction factors for
sib-covariance estimates of heritability and parent-offspring
estimates of genetic correlation (Reeve [1953], Brown and Turner
[1968]).

The formulae (20) - (25) have been written so that they hold

if yi and =z are vectors. Obviously V. , V 2! \' etc. will

then be interpieted as matrices of the appripri;te siie. Sometimes
data are only available on the selected parents and the offspring.
Then maximizing the conditional likelihood of the offspring given
the parents, £2 ¢+ Seems an obvious suggestion. If £2 is
written as £-—£l it is of the form of (3). This way of writing
the log-likelihood is similar to writing, in a non-orthogonal
analysis of variance, the sum of squares for factor B after
adjusting for factor A as the sum of squarés for factors a

and B minus the sum of squares for A (searle [1971]). Hen-
derson [1975] has discussed estimating fixed effects and predicting
random effects from unbalanced designs using a similar conditional
approach.

5. MORE THAN TWO GENERATIONS

In this s ection we give a convenient form for the covariances
between relatives in different generations in terms of the
additive genetic variance. We assume for simplicity that genera-
tions are discrete so that an individual in generation t is the
offspring of parents in generation (t-1) and that there are

Nt individuals in the t-~th generation.
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In each generation we order the individuals by sex with males
first. Suppose we start in generation O and if we assume the
No individuals are unrelated then, the coefficients of parentage
of the individuals can be represented by a N_xN matrix, R

o0 ~00 '

equal to %f . We now define matrices gt of size Nt+1 th

relating the individuals of generation (t+l) with those in gen-
eration t in order to calculate the other coefficients of

parentage. The Zt matrices can be written as

gtmm ?tmf
(26)
Zfm Zees
where the elements of 2, are either# or 0. The (3, k)

~t
element of Z is é only if the k-th male of generation t

is the father of the j-th male in generation (t+1l) . The other
blocks of Z are defined similarly. Hill [1974] used similar
matrices and notes that the blocks of 2 represent the alternative

pathways of genes

males from males I males from females

females from males | females from females

The relationship matrix for the first three generations
(which indicates the general fiorm) can now be written, if no
individual is inbred, as (Thompson [1977])

L] 1 1

N To ° o9\f% ° 9\[/IL % %A

= = []
R=3lg, I, o]lo %z 59 °o L, z (27)

2.2, %, ILJ\o o #L,fJ\o o 1,

This is the product of a lower triangular matrix with a diagonal
matrix and with an upper triangular matrix. The inverse of R,
sometimes used for predicting random effects (Henderson [1976})

has a simple form since the left inverse of the lower triangular

matrix is

I, o ¢
% h 9 :
0 -gl 52
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The variance matrix of the observations assﬁming just an

additive genetic component and an environmental component is
= 25 0§-+§ og » Suppose the records in the t-th generation

are ¥t and, for simplicity, these are normally distributed
about a mean of O . ML estimation of ci and og depends on
calculating Y_l and, except for some special cases (for example
observations only available on one sex (Thompson [1977])) in most
practical cases this is not feasible. One suggestion is to work
with deviations from parental values ¥:+l = ¥t+1‘_§t Xt » since
the variance matrix of these deviations is tridiagonal and the
covariance between deviations two or more generations apart are
zexo. When each dam is mated to only one sire the variance
structure for ¥: corresponds to a hierarchical analysis of
va:iance with sire and dam components oi and covariance between
full sibs o§-+o§/2 .

Another possibility is to work with XE + the t-th generation
values conditional on, or given, the ancestors' records, which
can be interpreted as deviations of actual from predicted values.

For example, y} = yl-(og/(c:-+c§)) Z.Y,» where (oi/(c§-+c§))zoyo

represents a vector of mid-parent values regressed back by a
factor (oi/(o§-+o§)) and hence are predicted values of Y, -
The terms for the next generations are more complicated, but if
I,where v, is the

1 1
variance of the elements of yl, we can approximate y2 by

we approximate the variance of yI by v

Y, -1¥1 + (02 /vl)zl - Using the same type of approximation

and a recursive argument similar to that of Bulmer [1971] in
succeeding generations we find that y*

e+l might be approximated
by

* = -
Y8l T Yeup " 2¥¢ ¥ 0%/ £ 2e¥e (28)

= g2 - 2 _ 52 2
Wi = 0 4 = = [of = +
here v 4,, 4 1 % d é’ H V H , da o, g o

and Hi = 0§-+di . As in Bulmer's case the di quickly converge

to a limiting value 4g*



654 . . R. ,'l‘_hompson"

* = (=262 -g2 4 2 2 _ a2 i

d (-20% -2+ [op+4cA (op QA)] y/4 .
The values of d*/o; for various values of °§/°§ are given in
Table II and we see approximately d*/c; =-—i(c§/c§)2 . c§-+d*

can be thought of as the variance between the actual value and
the predicted value using all parental, grand parental etc.
information.

Table II

Values of d*/a; for various values of oi/og .
o2/02 0.0 0.2 0.4 0.6 0.8 1.0
Al p

d*/og -0.000 -0.030 -0.100 =-0.200 -0.330 -0.500

Sometimes the regression of response on selection differen-
tial is used to estimate heritability (Falconer {1960], Hill
(1971, 1972]). This is similar to putting d =0 in (28) and
working with the mean values of yg rather than the individual
values. The variance-covariance matrix of the mean values can
be derived by arguments similar to the development of (28)
which I find more appealing than Hill's {1971, 1972] intuitive
genetic approach.
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