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Summary

A common feature of many statistical investigations is the collection of <lata from groups of experimental units = ch of
— which is observed under two or more conditions. Such studies are generally called either split-plot experiments or
repeated measurements experiments. This paper is concerned with reviewing general statistical strategies for the
analysis of data from these types of rescarch designs. For this purpose, primary attention is directed at two basic
dimensions. One of these is the nature of the randomization processes for the data as obtained among and within the
experimental units. The other is the level of the measurement scale as either nominal, ordinal, or interval. This
framework is then used as the basis of discussion of alternative statistical methods such as repeated measurements
analysis of variance, multivariate analysis of variance, and their non-parametric rank and categorical data
counterparts in both a general sense and for some specific classes of examples. Finally, a selected bibliography of

references for these and related methods is given.

I Introduction

The following discussion is a survey of methodological issues pertaining to the statistical analysis
of investigations involving repeated measurements. Although such research designs arise in
many different ways, the principal consideration which distinguishes them from standard
factorial experiments is the study of a randomly selected or allocated experimental unit under
two or more distinct conditions (e.g., repeated measurements OvVer time) which represent
observational units. Thus, the linkage between experimental units and observational units is
perhaps the most important aspect of the formulation of relevant statistical methods. Against
this background, the experimental units can be viewed as the natural units for analysis and their
observational units can be viewed as a profile of inherently multivariate data. Thus, analyses can
be formulated in terms of operations whereby certain measures of interest (e.g., sums and
differences, orthogonal contrasts, regression coefficients, etc.) are first constructed from the
observational unit data within each experimental unit and then summarized across experimental
units in either a parallel, but separate, univariate sense and/or in a simultaneous multivariate
sense. Since this approach makes no assumptions concerning the covariance structure of the
observational units, it is reasonable regardless of whether the observational units correspond to
randomized or non-randomized conditions. On the other hand, when the observational units
have randemly assigned conditions (and so are secondary sampling units), then they may often
be analyzed more effectively on a within experimental unit basis because of compound
symmetry properties (i.e., equal variances and equal covariances). For this reason, the nature of
randomization processes for investigations with repeated measurements must always be taken
into account because of their implications to the linkage of experimental and observational units.
[n the remainder of this paper, several different types of situations (which involve repeated
measurements are described. Then available methods for the statistical analysis of repeated ~
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measurements are summarized in a way that expresses their relationship to the randomizati :
process for the research design and the level of measurement for the data (categorical, ordin
interval). Finally, specific recommendations concerning analysis are provided for some of
more common types of applications. -

2 Some examples of repeated measurement investigations

The foltowing examples are illustrative of the range of application of repeated measuremgm.;“a-
studies in the biological, social and physical sciences 8

I. An agricultural experiment is concerned with the comparison of several fertilizers and
several methods of cultivation of some crop. For this purpose, the fertilizers are first
randomly assigned to the fields which are to be used. Each field is then divided into plotsto
which the methods of cultivation are randomly assigned. Since method of cultivation to plets
is randomly assigned within the random assignment of fields to fertilizers, such experiments
are often called split-plot experiments. . Here, fields represent the whole plots and plots
represent the split plots. Alternatively, fields represent the experimental units to which the
primary or first level randomization is applied, and plots represent the observational units to
which the second level of randomization is applied. Thus, such experiments involve twy
levels of randomization and this aspect of their structure is of fundamental importance 1o
their analysis. ' _

2. Mother animals are assigned to different diet treatments during pregnancy. Then the baby
animals in their litters are randomly assigned to different growth diet conditions. The data
under study are the weights of the baby animals at the end of each of 10 successive weeks
(where the initial week begins at 6 weeks of age). Here, mothers represent the experimental
units {(whole plots) to which the primary or first level of randomization is applied, and babies
represent the observational units to which the second level of randomization is applied.
Moreover, week represents a third level non-randomized observational unit.

3. An industrial experiment is concerned with the effects of five (two-level) control factors on
the performance of an instrument for assessing the processability of a polymer in terms of
the torque required to stir the polymer as a function of time. Runs are undertaken for the
2% = 32 combinations of these factors in a random order, and data for the torque values at
4, 5, 1.5, 10, 12.5, and 15 minutes are obtained from the resulting response curves for
purposes of analysis. Here, runs (or response curves) represent randomly allocated experi-
mental units and time corresponds to non-randomized observational units (i.e., conditions).

4. Bacteria samples are obtained from the throats of male and female children in the 4-12 year
age range. From each sample, three cultures are prepared and are randomly assigned to
three drugs for sensitivity testing. Here, children represent a non-randomized experimentz}
unit study population, and cultures represent a randomized observational unit.

5. Dairy cows are randomly assigned to several methods of treatment for mastitis. Data
pertaining to the disease status of each quarter of the udder of each cow are obtained both
before and after treatment. Here, cows represent a randomized experimental unit, and uddzr
quarter and time represent non-randomized observational units (i.e., conditions).

6. A multi-clinic clinical trial is undertaken to compare two treatments. For this purpose,
specific set of appropriately qualified clinics are invited to participate on a judgmental basis.
Within each clinic, patients are randomly assigned to the two treatments. Data pertaining (o
various aspects of the medical status of each patient are recorded both before treatment
(e.g., baseline) and at weekly visits during treatment for a 6 week period, Here, clinics
represent a non-randomized set of study sub-populations; patients represent a randomized
experimental unit: and vicite rameecamt o mmo oo 4oty .
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An agricultural study is undertaken to investigate the effects of variety and planting date on
the size and shape of sweet potatoes. Data pertaining to the length and diameters at four
positions are obtained from twenty samples at each of six homogeneous plots for a three
varieties x 2 planting dates factorial design. The shape of each of the sweet potatoes is then
summarized in terms of diameter/length ratios for the four measurement positions. Here,
plots are viewed as a fixed set of homogeneous study populations to which the six varieties x
planting dates combinations may or may not necessarily have been randomly allocated.
Thus, sweet potatoes represent within plot randomly selected experimental units and
positions for the diameter/length ratios represent non-randomized observational units.

. A multi-period change-over clinical trial is undertaken to compare two treatments. For this

purpose, patients are randomly partitioned into sequence groups which define the order
according to which they are given the two treatments during successive periods of time. For
example, some patients receive the control treatment first followed by the new treatment
while others receive the new treatment first followed by the centrol treatment. However,
more than two sequence groups and/or more than two periods can be used. Finally, data
pertaining to the health status of each patient are obtained at weekly visits for each of the 4
week treatment periods over which treatments are applied, at pre-treatment, and at the end
of a no-treatment washout week between the two 4 week treatnent periods. Here, patients
represent a randomized experimental unit with respect lo sequence group; and period
represents a non-randomized observational unit. Furthermore, weekly visits represent third
level non-randomized observational units.

. A political survey is conducted to compare the level of trust which a sample of subjects have

for three political institutions — the Presidency, the Supreme Court, and the Senate. Data
pertaining to attitudes toward the three institutions are obtained for each subject. Here,
subjects represent a randomly selected group of primary sampling units (i.e., experimental
units) and attitudes represent non-randomized observational units (i.e., conditions).

. A behavioral development study is conducted longitudinally to compare boys and girls from

a 1-year-old age cohort with respect to ability to perform a particular task at the age of |
year, 2 years, and 4 years. Here, children represent a randomly selected group of primary
sampling units (experimental units) and time represents a set of non-randomized
observational units.

. A political survey is conducted to compare the preferences of a sample of subjects to seven

tax-expenditure policy alternatives. For this purpose, each subject is asked to rank the seven
alternatives from ‘most desirable’ to ‘least desirable’. Here, subjects represent a randomly
selected group of primary sampling units (i.e., experimental units) and the tax alternatives
represent non-randomized observational units.

. An observer agreement study is conducted with respect to some phenomena like blood

pressure measurement or disease diagnosis. For this purpose, data pertaining to some health
characteristic are obtained from each of several observers for all patients in a sample from
the population of interest. Here, patients represent a randomly selected group of
experimental units, and observer determinations represent non-randomized observational
units. (i.e., conditions).

Statistical methods for repeated measurements investigations

For the various types of examples described in (1)-(12) of Section 2 the basic data array under
consideration can usually be summarized as shown in Table 1. There A =1,2,...,¢9 indexes a
set of subpopulations or strata (e.g., clinics) within which stratified random selection or random
assignment is undertaken; i = 1, 2, ..., s indexes a set of groups of experimental units which are

to be compared; j = 1, 2. .., d indexes a set of conditions for which observational unit responses
TS
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are obtained; k = 1, 2, ..., ¢ indexes a set of covariables which are determined for eac
experimental unit as a whole and m = 1, 2, ..., n,, indexes the set of experimental units in thy
ith group for the Ath stratum. Finally, y,;, denotes the response for the jth conditiof
observational unit within the mth experimental unit of the ith group for the hth stratum and .vtmI|
denotes the value of the kth covariable for the mth experimental unit of the ith group for the
stratum. Thus, for the situation in (6) of Section 2, h = 1, 2, ..., ¢ indexes clinics; i = |, 2

.‘Sv

indexes treatments; j = 1, 2, ..., 6 indexes weekly visits; k = 1, 2, 3 indexes patient (i.e
experimental unit) covariables such as age (Xpym)s SeX (Xjy,), baseline status (x,;,); m = 1, 2“
Table 1

Observed Data Array for h-th Stratum

Experimental Conditions: Response Variables
Sub-population unit (subject) (observational units) Covariables
(group) in group I 2 N d 1 2 !
—_—

! 1 Yrin Y Y Xpn Xpm ses Xhint
1 2 Yoz Ymn e Ymdz Xpiz Xz oo Xnia
1 My Yuvinwe Phizam c2c Vhidnm Xnitnm  Xhgam - Xhimn
1 Mean Y Yma. cen Y- Xpie Xppp eee Xnre
2 I Yoo Ve e Yrar Xnai Xpp ees L
2 2 Yoz Vam e Vwraz Xnaz Xppp eee Xnn
2 s Yurinn:  Ynarnne -+ Vh2dnwz Xrainng Xnazam --- *hamp
2 Mean Yio Vi e Yh2a. Xpzt.  Xpgp e Lhy.
s 1 Yasui Yhsn cae Vhsdr Xhsni Xhsa1 e X psti
s 2 Vhs12 Yhs2 s Yhsaz X1z Xnszz oo Xhs2
5 ”h: th:ln hs «i_’,hs'.ln hs e .}fhdn hs '?-‘ulnm )f.lmnn, Yan 'Fn.mu.
s Mean Vst Yhsa. I Yhsa- X st Lhsz. e Xhat.
Overall Mean Vo Vhoa. . Yha Xpro Xpy o S X

-+ Ny, indexes patients; and y,,, represents some measure of medical status which is
determined at jth week for mth patient with ith treatment in Ath clinic. Otherwise, if there are
several measures of medical status, the y,;,, are generalized to a corresponding vector; similarly,
such extensions can also encompass covariables pertaining to the observational units.

3.1 Repeated measurements (split-plot) analysis of variance

This approach is based on the partition of the pertinent sources of variation into two or more
basic types. One of these is the variation among experimental units with respect to averages
(or sums) of the observational units, and the other is the variation among observational units
within experimental units. Since the sampling error asssociated with variation among experi-
mental units is usually larger than the response (or sub-sampling or measurement) error for
observational units within experimental units, these types of variation are addressed separately
(even though their results are usually presented together). In this regard, they each involve
components which are directed at certain hypotheses of interest and corresponding error
variance measures.

The most well-known framework for repeated measurement analysis of variance is directed at
intervally scaled quantitative data which can be assumed to have normal distributions.
Furthermore, homogeneous variance for observational units is assumed (both within and across
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experimental units); homogeneous covariance for pairs of observational units within the same
experimental unit is assumed (both within and across experimental units); and independence of
experimental units is assumed. Given these specifications together with a balanced experiment
with no missing data, it then follows that hypothesis testing can be undertaken with F-stutistics
(provided that the experiment is not complicated by other difficulties, such as aliasing und/or
confounding of within experimental unit factors; e.g., periods and treatments in multi-period
change-over designs).

More generally, certain aspects of repeated measurement analysis of variance can be justified
by randomization arguments which are essentially the same as those underlying analogous
non-parametric methods. In this context, the corresponding F statistics are approximate if the
sample size is sufficiently large with respect to the number of experimental units (e.g., at least 20
per treatment group) for central limit theory to be applicable. Thus, assumptions concerning
normality, homogeneous variance, and homogeneous within experimental unit covariance are
not strictly necessary. On the other hand, the nature of the randomization process is critica], In
particular, randomization of experimental units to treatment groups is required for the validity of
the F-statistic for comparing treatment groups (with respect to observational unit sums for
experimental units); and randomization of conditions to observational units is required for the
validity of the F-statistic for comparing cc ‘ditions (within experimental units). However, (he
F-statistic for treatment x condition interact:on cannot be justified by randomization arguments
since treatment group differences and con 'ition differences contradict the equal probability
structure for permutations of experimental! units among treatment groups and observational
units among conditions. Thus, if this source of variation is of direct interest, then it must be
investigated by some other procedure like the multivariate methods discussed in Section 3.2,

Finally, if the sample size under study is not large and the assumptions concerning normality
and/or covariance structure are considered unrealistic, then the significance of repeated
measurement analysis of variance test statistics should be based on exact permutation
distributions as opposed to F approximations. However, in these situations, non-parametric rank
methods may be more convenient because tables of their exact distributions are already avajjable
to a broad extent. Also, since rank methods involve uniform distributions without extreme
values, their central limit theory approximations may be more reasonable for moderate sample
sizes than the interval scale framework with respect to which the data are actually observed,

In summary, if the data under study are intervally scaled, then sums and differences with
respect to them have meaningful definitions. When randomization arguments are appiicable
these quantitative measures can be analyzed by exact permutation methods or large sample p,*
tests in a non-parametric framework which does not require assumptions concerning the
underlying distribution of the data. Thus, the structure of such test statistics as it relates tg the
hypotheses under investigation can be viewed as parametric even though the procedure by which
statistical significance is evaluated is non-parametric. Of course, if the data do satify the
necessary assumptions of normality, homogeneous variance, and homogeneous covarianee, then
both of these considerations are parametric. Alternatively, if rank methods are used, bath are
non-parametric. As a result, several types of parametric and/or non-parametric strateges are
potentially applicable to intervally scaled data depending upon the nature of the randomization
process, the sample size available, and the plausibility of assumptions concerning their

distributions.
3.2 Repeated measurement multivariate profile analysis of variance

Since the set of conditions for the observational units within each experimental unit can be
viewed as a multivariate set of responses. multivariate statistical methods represent the most
natural framework for the analysis of repeated measurements. With this approach, parizion of
variation into pertinent sources is only undertaken with respect to the sampling error asw.ciated
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with experimental units. However, this strategy is applied to multivariate sets of linear functigy
of observational units, each of which has its corresponding error covariance structure. Thy
conditions within experimental units can be compared through the use of difference functions (o
other types of contrasts) in a manner which does not require that any direct consideration by
given to variation among the corresponding observational units. However, the nature of sud}
observational unit variation is taken into account indirectly through the estimated covariance
structure which is used with such multivariate methods. Similarly, treatment groups can b;
compared with respect to experimental unit averages over conditions through the use of sumg
(or means) for the corresponding observational units. Thus, with the appropriate choice of
functions, a broad range of hypotheses can be investigated via multivariate strategies. :
When intervally scaled quantitative data are under consideration, the usual assumptions for
justifying multivariate analysis of variance methods are that the vectors of observational units
for the respective experimental units have independent multivariate normal distributions and that
they have the same covariance matrix (which necessarily implies that they have the same
dimension and hence that there are no missing data). Under these conditions, the characteristic
roots of the products of hypothesis sums of product matrices post-multiplied by the inverse of
the error sums of product matrices can be used to test various hypotheses. For small samples,
special tables are needed. to evaluate the significance of such tests for all situations except the
special cases where F-distributions are applicable (i.e., single univariate function analyses of
variance, Hotelling 72 for testing whether a single mean vector equals a known constant vector
or testing the equality of two mean vectors, etc.). Thus, the usefulness of multivarate methods is
sometimes limited by the extra effort which is required for interpreting their results in such cases,
However, if the sample size is sufficiently large with respect to the number of experimental units
(e.g., at least 30 per treatment group) and the number of observational units per experimental
unit is small (e.g., not greater than five), chi-square approximations are potentially applicable to
multivariate trace criteria on the basis of central limit theory. Furthermore, the use of chi-square
approximations can also be justified by randomization arguments with respect to the process
according to which experimental units are assigned to groups (see Koch and Bhapkar (1980) or
Puri and Sen (1971) for further discussion). Thus, the assumptions concerning multivariate
normality and homogeneous covariance structure are not strictly necessary. With this :
consideration in mind, the principal advantage of the multivariate analysis approach over the
split-plot approach is that it permits valid tests to be undertaken for within experimental unit
hypotheses concerning the comparison of conditions for situations where there is no .
randomization of conditions to observational unit. Similarly, it also permits tests to be
undertaken for condition X treatment interaction. On the other hand, it may either be
inapplicable or have unsatisfactory power when the number of observational units per
experimental unit either exceeds or is relatively large with respect to the number of experimental
units. Thus, for these types of situations, the scope of analysis must be reduced to parallel
analyses of small sets of linear functions of observational units which are summary measures of
the variation among conditions with respect to specific research questions of interest (e.g,
weekly averages of extent of adverse experiences or concomitant medication usage for daily -
diary data in clinical trials; growth curve parameters in animal nutrition experiments, efc.).
Otherwise, within experimental units randomization of conditions to observational unit
arguments must be applicable in order to justify the use of split-plot methods to investigate the
variation among conditions in an overall sense (as opposed to a summary measure sense)
Although the issues presented here concerning the multivariate approach vs the split-plot
approach appear somewhat complicated, their implications to most practical situations are
straightforward. In particular, when conditions correspond to certain additional aspects of
treatment which are of direct interest in their own right, then randomization of conditions to
observational units is usually undertaken so that the split-plot approach is valid and also
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effective with respect to power. For this reason, the multivariate approach would only be needed
in order to investigate treatment x condition interaction which could be! limited to summary
measures which the split-plot approach identified as the most important sources of variation
among conditions within experimental units. Alternatively, when conditions correspond to
dimensions which reflect multivariate aspects of the response of experimental units (e.g., the
responses at different points in time for longitudinal studies, the responses at different sites for
certain body system studies, the responses to different questionnaire items for certain
psychological or social sciences studies, etc.), then the multivariate approach is considered
preferable because its validity is linked only to among experimental unit randomization.
Moreover, since the conditions often represent components of a profile in such situations, their
reduction to summary indexes is usually compatible with both the statistical and substantive
objectives for their analysis. Otherwise, such investigations also often involve relatively large
sample sizes, and so the multivariate approach can be applied in a straightforward manner via
chi-square approximations and be effective with respect to power (i.e., the multivariate approach
is asymptotically equivalent to the split-plot approach when the split-plot assumptions are true
because their corresponding estimated covariance structures have the same limit; it is also
asymptotically equivalent to approaches based on other types of covariance structure
assumptions when - hey are correspondingly applicable).

Finally, for small sample size situations where multivariate normality and homogeneous
covariance structu:c assumptions are considered unrealistic, the significance of multivariate
analysis of variance test statistics should be based on exact permutation distributions as opposed
to multivariate criterion small sample exact tables. Alternatively, chi-square approximations for
multivariate rank methods could be used if the sample size is moderate (e.g., at least 30
experimental units per treatment group) since their central limit theory basis may be more
realistic than their counterparts with respect to the interval scale according to which data are
observed. Thus, several types of parametric and/or non-parametric strategies, as summarized in
Section 3.2, are potentially applicable to the multivariate framework discussed here.

3.3 Non-parametric rank methods

3.3.1 Rank analysis of variance methods K ruskal-Wallis rank analysis of variance methods
can be used to investigate among experimental unit sources of variation. For this purpose,
attention is directed at univariate or multivariate functional scores which are constructed from
the data for their observational units in accordance with specifications implied by the hypotheses
of interest. Thus, treatment group comparisons can be undertaken with respect to questions

concerning

l. each condition separately via the corresponding set of ranks for the pooled set of

experimental units;
2. all conditions simultaneously via the corresponding array of ranks for the pooled set of

experimental units;

3. each condition separately or all conditions simultaneously with covariance adjustment via
the corresponding array of rank residuals for the pooled set of experimental units (see
Quade (1967));

4. condition averages or sub-averages via ranks for such averages or averages for ranks for
the pooled set of experimental units (see Koch (1969, 1970, 1972));

5. summary condition difference scores via difference scores for ranks or summary scores for
ranks of differences for the pooled set of experimental units (see Koch (1969, 1970, 1972));

6. measures of trend or change via ranks for such measures for the pooled set of experi-
mental units;



7. other rank score functions for the pooled set of experimental unifs like the
analyze censored survival data (i.e., combined scores derived from paired
experimental units).

For all of these situations, the only necessary assumption is that randomization
applicable with respect to the assignment of experimental units to treatment groups. Al
strategies which involve ranks for averages, differences, or other linear functions require
data have been observed on an interval scale in order for the corresponding transformed
to be meaningfully defined. Finally, an important specification for purposes of interprets
that measurement error be negligible for the response variables under study or that
measurement error process be independent of the randomization process. Here, the pris e
concern is that data quality should not be confounded with the structure of the treatment groups
and hence not be a contaminant to their comparison. Given this background, the types
non-parametric rank methods described in (1)}-(7) represent valid and useful strategies for the
analysis of randomized experiments on the basis of their designs. They may also be applied h‘
other contexts, such as: i

i. experiments with a randomization framework which is less restricted than the one actually
used in the research design (e.g., randomization of successive subsets of patients is o =
viewed as equivalent to randomization of the entire set);

ii. observational data for which the concept of randomization is incorporated within
hypothesis (see Koch, Gillings, and Stokes (1980)).

However, more caution is needed with respect to the interpretation of results for these latter
situations (since any differences which are detected among the treatment groups may be a
consequence of the relationship of both the response variable and the groups to some other
variable which has not been taken into account). Otherwise, for moderately large samples (i.e., at
least 10 and preferably at least 20 experimental units per treatment group) statistical significance
of rank analysis of variance can be assessed via chi-square approximations while for small
samples, exact permutation distributions should be used.

3.3.2  Partial association rank methods If conditions are randomly assigned to observational
units, then partial association rank methods can be used for comparisons within experimental
units. Here, the most well-known procedure is Friedman’s chi-square statistic which is based on
the direct internal ranking of observational units within experimental units. Then the ranks for
the conditions are added across experimental units together with their corresponding
randomization expected values and covariance matrices; and from these quantities, test statistics
with large sample chi-square distributions can be computed. Alternatively, this same type of
strategy can be applied to other types of rank functions. In this regard, if the data are observed
on an interval scale, then comparisons among conditions can be undertaken via aligned rank
tests (see Koch and Sen (1968)). These methods are based on overall ranks for differences
between measurements for each observational unit and its experimental unit mean. Otherwise, if
the number of experimental units is large (e.g., at least 10 and preferably at least 20), the
statistical significance of these partial association rank statistics can be assessed via chi-square
approximations while if it is small, exact permutation methods should be used.

3.3.3  Signed rank methods For those situations where conditions are not randomly assigned
to observational units, signed rank methods can be used for comparisons within experimental
units. In this regard, there are two basic strategies. One of these is a within experimental unit
rank-oriented generalized sign test which is applicable to both ordinal and interval data. Thus, it
is based on the same rank matrix as the Friedman chi-square statistics discussed in Section 3.2.2.
However, here the hypothesis of interest is not based on randomization principles but rather on
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inversion principles which imply that an observed outcome and its opposite are equally likely for
cach experimental unit. From this framework, expected values and covariance matrices are then
determined for the ranks within each experimental unit. Then these quantities are all added
across experimental units and combined together to form test statistics with large sample
chi-square distributions (see Koch and Sen (1968)). Alternatively, if the data are observed on an
interval scale, then a Wilcoxon signed rank approach can be used. For this purpose, pairwise
differences between conditions are formed within each experimental unit and assigned signed
ranks across experimental units. Then within experimental unit scores are computed for each
condition by combining together the signed ranks for the pairwise differences between it and all
other conditions. After this score matrix is obtained, inversion principles are used to obtain a
generalized sign rank test statistic in the same manner described for the generalized sign test.
Otherwise, if the number of experimental units is large (e.g., at least 20 and preferably at least
30), the statistical significance of these signed rank statistics can be assessed via chi-square
approximations while if it is small, exact permutation methods should be used (see Koch and

Sen (1968) and Koch (1969, 1970)).

3.3.4 Descriptive statistics Although the rank methods discussed here are useful for
assessing the statistical significance of sources of variation such as groups, conditions, and group
x condition interaction, they do not provide direct information about the nature or magnitude of
the corresponding differences under investigation. For this reason, non-parametric statistical
tests should be accompanied by appropriate descriptive statistics such as frequency distributions
or percentiles. Also, when applicable, non-parametric procedures for estimation and confidence
intervals represent another method of interest (see Conover (1971) and Puri and Sen (1971)).

3.3.5 Summary statement Rank analysis of variance methods in combination with signed
rank methods represent the non-parametric analogues for the multivariate approach described in
Section 3.2. As such, they are based on among experimental unit randomization and within
experimental unit inversion concepts. Partial association rank methods involve within
experimental unit randomization and hence are analogous to corresponding methods for the
split-plot approach. Thus, essentially the same components concerning the relative advantages of
the multivariate approach vs the split-plot approach could be stated for their non-parametric

counterparts.

3.4 Categorical data methods

3.4.1 Multivariate non-parametric procedures  All of the non-parametric strategies described
in Section 3.3 are directly applicable to categorical data in accordance with their corresponding
randomization or inversion principles. In this regard, if the categorical data are ordinally scaled,
then rank analysis of variance methods, partial association rank methods, and signed rank
methods can be used directly without any special modifications. In other words, the only
difference between this type of data and other types of ordinal data is the potentially extensive
prevalence of ties which need to be taken into account via midranks. However, two peripheral
issues should be recognized here. The first is that interval scale oriented non-parametric methods
should not be applied to ordinal categorical data unless they make sense (e.g., they might be
appropriate for number of infected sites or size of infected area but not appropriate for subjective
ratings of extent of improvement). The other consideration is that larger sample sizes are needed
for the use of chi-square approximations for ordinal categorical data than quantitative
measurement data since the presence of extensive ties potentially may decrease the speed of
convergence for central limit theory (see Koch and Bhapkar (1980)).

Alternatively, if the categorical data are nominally scaled, then they are first transformed to a
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multivariate vector of binary indicator variables with dimension equal to (r — 1) where r denotes

the number of nominal categories. Then multivariate extensions of non-parametric rank methods =
are applied directly to these vectors with ties being taken into account via midranks. Moreover, -
interval scale oriented methods are of interest here since a binary scale has this structure in a
degenerate sense. Finally, since these methods potentially may involve large numbers of degrees
of freedom for strongly discrete variables, very large sample sizes may be required if chi-square
approximations are to be used to assess statistical significance.

3.4.2 Multivariate linear model procedures If the number of experimental units in eachi
treatment group is moderately large (e.g., at least 20, preferably at least 40 and if rare events are
involved, perhaps at least 100), then linear or log-linear functions of summary measures of their
experience with respect to categorical variables for the respective conditions can often be
presumed to have a multivariate normal distribution. In addition, consistent estimates of their
covariance structure usually can be determined by linear Taylor series matrix methods and can
be viewed for purposes of estimation and hypothesis testing as essentially the same as the actual
covariance structure. Given these considerations, weighted least squares asymptotic regression
~ methods can be used to investigate both among and within experimental unit sources of variation
" in a manner which is directly analogous to the multivariate approach described in Section 3.2.
Furthermore, this same type of strategy is applicable to quantitative data as well as categorical
data if the functions of interest are within treatment group arithmetic mean. or log geometric
means; and thus it represents a generalized multivariate approach for dealing with non-normality
and/or heterogeneous across group covariance structure issues. In other words, it is based on the
framework for which experimental units in the respective treatment groups are regarded as a
stratified random sample from a similarly structured hypothetical super-population rather than
on the framework for which a finite population randomization process is used to assign
experimental units to treatment groups. Thus, such methods are of interest for investigating
various aspects of the relationships between response variables and other characteristics of
experimental units in addition to treatment group for the anaiytical situation which potentially
exists when treatment groups are actually found to be different, and hence there is specific
interest in the nature of such differences. Here, the fundamental issue is that randomization
procedures can only be applied to investigate whether hypotheses are contradicted or not. For
this purpose, they are very useful because they require essentially no assumptions beyond the
structure which is built into the research design. However, once a hypothesis is rejected,
randomization concepts are no longer applicable because the randomization probability
structure is no longer valid. Thus, other methods must be used to investigate the nature of
differences which are detected. However, the formulation of these methods must be undertaken
with caution because their assumptions can no longer be reinforced by randomization principles.
Given this background, multivariate linear model methods represent one potentially useful
strategy which has the advantage of essentially no assumptions other than random sampling, but
the disadvantage of large sample size requirements. Alternatively, maximum likelihood methods
analogous to multivariate analysis of variance are also of interest if the assumpticns for their
underlying probability models are considered realistic since the sample size requirements for
their central limit theory may not be as stringent as for their assumption-free weighted least
squares counterparts (see Koch, Gillings, and Stokes (1980)).

3.4.3  Summary statement One way of dealing with categorical data involving repeated
measurements is to use non-parametric rank methods with ties handled via mid-ranks. Here,
some commonly known linkages are as follows:

i. randomization model ridit analysis is the same as rank analysis of variance;

ii. Cochran’s Q test is the same as Friedman’s chi-square test;
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ii. Mantel-Haenszel tests for marginal homogeneity, symmetry and independence are the
same as multivariate Friedman chi-square tests; -

iv. Fisher’s exact test for treatment effects with respect to a binary response in the two-period
change-over design is the same as rank analysis of variance for the subset of non-null
differences between the responses for the two periods. '

Alternatively, for situations where sample sizes are large and/or certain assumptions concerning
distributional structure are realistic, multivariate linear model methods are of potential interest
for investigating the effects of treatments groups and other factors on response variables. Here,
two useful approaches are maximum likelihood and weighted least squares.

3.5 Relationships among alternative methods

The relationships among the alternative methods for the analysis of repeated measurements are
summarized in Table 2 with respect to measurement scale and randomization structure.

Table 2

Randomization

Structure Interval Data Ordinal Data ‘ Nominal Data
Randomization of Repeated measurement Rank analysis of variance Multivariate chi-square
experimental units to multivariate analysis methods (Kruskal-Wallis tests for homogeneity
treatment groups of variance procedures) and signed rank

methods (generalized sign
procedure and Wilcoxon signed
rank procedure)

Randomization of Repeated measurement Partial association rank Generalized Mantel-

observational units (split-plot) analysis methods (Friedman chi-square Haenszel methods and

to conditions of variance and aligned rank procedures) Cochran Q-statistic

Stratified random Repeated measurement Multivariate linear model

selection of experimental ~ multivariate analysis of categorical data methods with

units from possibly variance with assumed respect to either maximum

different populations distribution and likelihood or weighted least squares
covariance structure estimation and hypothesis testing

procedures

4 Specific recommendations for the examples in Section 2

In this section, some recommendations are given for the examples described in Section 2.
Since their discussion is necessarily brief, these recommendations should be viewed as general
guidlines concerning some of the statistical issues which underly the analysis of repeated
measurements and the types of methods which can be used to deal with them. They are not
intended to be fixed specifications for distinguishing between ‘valid’ and ‘non-valid’ strategies
since this type of consideration is often dependent on the objectives of the researcher and the
context of the application. Thus, as is the case with all aspects of statistical methodology,

they should be used carefully and sensibly.

4.1 A split-plot agricultural experiment

For the agricultural experiment concerning fertilizers and methods of cultivation, repeated
measurement (split-plot) analysis of variance and/or its non-parametric counterparts represent
an appropriate strategy which may be advantageous with respect to power. However, caution
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should be exercised with respect to the test of treatment x condition interaction for whjgl
multivariate approach is generally preferable. The ‘multivariate approach may be
straightforward to implement from a practical point of view if there are missing data ang
there are experimental design complexities such as confounding. Other discussion of this ffpe
, example is given in Anderson and Bancroft (1952), Federer (1955), Cole and Grizzle (19
and Winer (1971).

5
h

4.2 A growth study

Since the baby animal growth study involves a basic observational unit, (i.e., weeks) which is
randomized, some type of multivariate approach is required. Thus, the most straightforward
analytical strategy with respect to implementation is the use of multivariate profile analysis of
variance procedures and/or their non-parametric counterparts with mother animals as the
experimental unit. However, if this is done, the data vector per experimental unit cap be
somewhat complicated if the research design is unbalanced with respect to the assignméni'
of baby animals to their diets within mothers and/or if there are missing data for certain
weeks. For this reason, the multivariate approach may need to be directed at within experi-
mental unit summary measures for each bab- animal diet like average growth changes for
certain time intervals, average segmented regression slopes for certain time intervals, or
average estimated parameter values for cert: growth curve models. Since such summary -
measures may not necessarily have the same distributional structure from one experimental unit

to another, statistical tests of significance for mother diet and mother diet x baby diet interaction

should be undertaken from a randomization model point of view either with respect to the

observed measurement scale or ranks. Also, statistical tests of significance for baby diet should

be undertaken via non-parametric signed rank {or score) methods. Alternatively, baby diets

could be compared by using the randomization structure for baby animals within mothers with

respect to summary growth measures for each baby animal. Finally, if large sample sizes are
under study, multivariate linear models involving weighted least squares can be used to

investigate the relationship between mother diet, baby diet, and week. Other discussion of this

type of example is given in Grizzle and Allen (1969), Koch (1969), Nelder and Wedderburn
(1972), and Snee (1972).

4.3 An industrial response curve study

Since this experiment involves an observational unit (i.e., time) which is not randomized, some
type of multivariate approach is required. In this regard, three types of within experimental unit
summary measures of interest are regression coefficients for some appropriate response curve
model, principal components with respect to all time points, and a combination of the average of
the observational unit data for the respective time points and modified principal components for
differences among them. See Church (1966), Grizzle and Allen (1969), Morrison (1976), and
Snee (1972) for further discussion of this type of example.

4.4 A drug sensitivity Study

For the drug sensitivity study, Cochran’s Q statistic represents an appropriate method of
analysis since cultures have been randomly assigned to drugs on a within child basis.
Alternatively, multivariate lincar model methods involving maximum likelihood or weighted least
squares could be used to compare drugs in terms of their estimated effects. Other dicussion of
this type is given in Bhapkar and Somes (1977) and Koch er al. (1977).



4.5 A multivariate study of dairy cows

For the dairy cow example, multivariate Kruskal-Wallis methods can be used to compare
treatment groups with respect to post -treatment status, pre-treatment vs post-treatment change,
and post-treatment status after covariance adjustment for pre-treatment status. In addition, these
methods can be applied to total numbers of diseased quarters per cow as summary measures of
overall experience as well as to quarter difference scores as measures of quarter x treatment
interaction. Alternatively, multivariate linear model methods involving weighted least aquares
could be used to investigate the relationship of post-treatment status to treatment and quarter
after adjustment for pre-treatment status. Other discussion of this type of example is given in

Koch et al. (1978).

1.6 A longitudinal clinical trial

For the multi-clinic clinical trial, generalized Cochran/Mantel-Haenszel strategies can be used to
combine within clinic multivariate Kruskal-Wallis or signed rank methods across clinics in a
manner whose validity does not require any assumptions concerning treatment x clinic
interaction (although the presence of potential interaction should be investigated in its own right
hecause of its implications to interpretation). Otherwise, the analysis strategies for this type of
situation are similar to those described for the dairy cow example in 4.5. Additional dlscussmn of
this type of example is given in Stanish et al. (1978).

4.7  An agricultural product shape study

Since this experiment involves an observational unit which is non-randomized, some type of
multivariate approach is required. Two types of within experimental unit functions of interest are
the average value of the diameter/shape ratios for the respective positions and modified principal
components for differences among them. Finally, since normal distribution assumptions may not
be appropriate for diameter/length ratio based functions, a non-parametric framework may be
preferable for the evaluation of statistical significance. See Snee and Andrews (1971) for further

discussion of this type of example.

4.8 A change-over clinical trial

For the change-over clinical trial, several different types of analysis are feasible. In particular, the
data obtained during the first period can be analyzed by the same methods alluded to for the
parallel clinical trial in 4.6 including non-parametric covariance adjustment for pre-treatment
status. However, appropriate use of the information obtained during other periods may be
somewhat complicated if the patients in the sequence groups are no longer similar at the
beginning of those periods. Although this issue warrants definite concern, it does not necessarily
mean that such data should be ignored (nor does it imply that multi-period research designs not
be used in contexts where they have strong substantive justification even with possibly some
statistical limitations), but rather that their role in analysis requires careful consideration. For
this purpose, one strategy is to apply the randomization structure for the overall clinical trial to
the data for the periods subsequent to the first in a manner which adjusts for patient status at
their beginning via post-stratification procedures. Alternatively, if large sample sizes are under
study, multivariate linear models weighted least squares methods could be used to investigate the
relationship of patient health status to treatment, period, and week during period. Other aspects
of this type of example are discussed in Amara ef al. (1977), Gart (1969), Grizzle (1965), Koch

(1972), and Koch et al. (1977).
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4.9 A comparative attitudes survey

The political survey concerning trust of institutions involves non-randomized observationg]
units, and thus some type of multivariate approach is required. Since such data are usually
nominal or ordinal, the most appropriate analysis strategies are either multivariate nop.
parametric procedures for categorical data or multivariate linear model procedures. Other
discussion of this type of example is given in Lehnen and Koch (1974).

4.10 A behavioral development study

This longitudinal study involves non-randomized observational units, and thus some type of
multivariate approach is required. Since such data are usually binary, the most appropriate
analysis strategies are either multivariate non-parametric procedures for categorical data or
multivariate linear model procedures. Other discussion for this type of example is given in Koch
et al. (1977) and Landis e al. (1979).

4.11 A rank prefere: e survey

Since the tax-expenditure rank preference data involve multivariate categorical data for
non-randomized obser. ationa! units, their analysis should be undertaken via either multivariate
non-parametric procedures or multivariate linear model procedures. However, here additional
attention has to be given to the restriction that the rank of any one of the alternatives is
determined from the ranks assigned to the other six. Additional aspects of this type of example
are discussed in Koch et al. (1976).

4,12 An observer agreemenl study

For the observer agreement study, multivariate methods should be used to investigate amorg
observer differences (i.e., observer bias) since observer determinations are not randomized. Also,
intraclass correlation oriented measures of observer agreement (or K-statistics) shculd be
analyzed in such situations. Other aspects of this type of example are discussed in Landis arnd
Koch (1977).
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Reésumeé

Un caractére commun a bien des recherches statistiques esi la collecte de données faite sur des groupes d’unités
cxperimentales dont chacune est observée sous deux conditions ou davantage. De telles études sont appelées
senéralementsoit des expériences ‘split-plot’, soit des expériences a mesures répétées. Le présent article a pour objet de
passer en revue les stratégies genérales de la statistique pour analyser des données provenant de ces types de plans de
recherches. A cet effet, attention se porte en premier dans deux directions fondamentales. L'une est la nature des
processus de ‘randomization’ affectant les données obtenues parmi les unités expérimentales ou bien a intérieur de
celles-ci. L'autre direction, c’est a quel niveau se situe I'échelle de mesure qu'on peut qualifier de nominal, d’ordinal ou
de scalaire. Ce cadre de travail sert alors de base pour discuter des méthodes statistiques en compétition, telles que
I'analyse de variance des mensurations reépétées. leur analyse de variance multivariée, et leurs contreparties
non-parameétriques pour des données ayant la forme de rangs ou bien de catégories, — discussion faite a la fois dans le
cas genéral et sur des exemples de classes déterminées. Pour finir. on donne une bibliographie de références choisies,
concernant des methodes et celles qui en sont proches.





