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Summary

The Cholesky decomposition is given for the inverse of a variance
matrix occurring in repeated measures problems where observations havea
correlation structure both within and between experimental units. The use™3
of this decomposition is outlined for ML and REML estimation procedures. g2

1. Introduction

In repeated measures studies, observations within the same experi-
mental unit are usually correlated. Sometimes the correlation is consid-"
ered to be the same for all pairs of observations on the same unit as in'gs
split-plot-in-time analyses but more often some stationary error structure
is assumed. The units themselves are often considered to be independent
but sometimes are considered as being sampled from some hierarchical
structure.

Two examples in recent literature are mentioned. Sallas and Harville
(1981) consider repeated measures of total lactations of cows. These lac-
tations are taken to have a stationary error structure within each cow and
the cows themselves are sampled from offspring of several sires. Other ef-
fects are taken as ‘fixed effects’. Pantula and Pollock (1985) consider two'
examples of total leaf area of plants and bobcat movements in which o
servations on each unit viz. plant/bobcat are serially correlated. In their :
case no correlation is considered among the experimental units. Sallas
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and Harville advance a Kalman filter type analysis for their data while
pantula and Pollock use a direct technique related to unbiased quadratic
estimation.

Such experiments may be analysed using maximum likelihood or ‘resid-
sal maximum likelihood (REML)’ techniques. The general method for
maximum likelihood is given in McGilchrist et al. (1981). The REML
technique was first given by Patterson and Thompson (1971) and its cur-
rent use is implicit in Harville (1977).

Section 2 gives the model taken for the observations and presents
an outline of the implementation of the ML or REML techniques. This
method depends on obtaining a Cholesky factorisation of the inverse of the
variance matrix. Such a factorisation is obtained in Section 3.

2. Model and Method of Estimation

Let Y;jx be the kth repeated measure on an experimental unit indexed
bv (4, 7). The model for Y;;x allows fixed effects summarised by a regression
vector giving

Yiik = zijxB + Eijx
i=12,...,1;j=1,2,...,0(d); k=1,2,...,n(s,7) .

If y is the accumulation of observations Y;;i into a vector of length N,
in the order of subscripts given above, and X is the corresponding matrix
of regression variables then the whole model may be written as y = X3 +e
with the error vector e distributed as N[0,02E). The covariance matrix X
is iaken to be a function of a parametrising vector 6.

To be specific the covariance matrix L is taken to be that which applies
when experimental units (7, ) have the nested error structure appropriate
for Sallas and Harville. Let 1;;x be a vector of length N with a 1 at
position (i, j,k) and zeros elsewhere. A dot replacing a subscript in this
vector indicates summation with respect to that subscript. Let

Aygo = Z L.l , Ano= E 1i5.1;.
i ’ i’j
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Matrix ~;; is -symmetric Toeplitz of dimension n(¢,7) and elements
90,01, ... are taken to be functions of (04,05,..., 0,). The whole variance:
matrix is

vary = 0’% = o¥(Iy + 614100 + 63 A110 + 65T)
and has parameters o2, 4.

The likelihood function L of the observation vector y distributed ac
cording to the above model is

l=IlnL=-1[NIn2ro® +In|5| + o~y - XB)o Yy - XB)]
and the corresponding residual likelihood may be obtained from Harville, :
Both likelihoods require the evaluation of the determinant and inverse of &
To avoid doing this directly, the Cholesky factorisation of -1, is obtained
as follows. Let
— [En On ] gn = 2;1071
Lopr1 = )

! — !
Tn  Ontl,n4l Cntl = Ongingr — Ondn

then _
- Lo -1 [-¢ :
o= [0; 0"] +enly [ lg"] (-9n 1] (2.1)
,En+1' = Cn+1|2n, .
If
L —gn -g12 ... —-gyno, .
L =g ... —gan_y ! c
G - 1 oo —g3'N_1 C, - ?
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where gin is the ith element of g, then, £-1 = GC-1G', |Z| = |C| and
letting 7 = G'y, z = G'X the logarithm of the likelihood becomes

—L[NIn2xe? +n|C| + o7 %(r - ZB)'C~(r - Z2B)] .

A residual likelihood follows similarly. A detailed recursive estimation
procedure is given in McGilchrist (1986). The method depends on being
able to compute suitable expressions for g,, ¢, and this is the topic of
section 3.

3. Cholesky Factorisation

The recurrence relations which may be used to generate g,, ¢,, from
initial values of go = null and ¢; = 09, vary with the different ways in
which X, is extended to X, 4+;. Three cases are considered.

Casel: n—on+1is (i,4,k)—> (¢,5,k+1)
Case 2: n—n+1is (4,5,n(i,5)) = (1,5 + 1,1)
Case 3: n — n+1is (i,n(d),n(i,5) = (i + 1,1,1)

These cases correspond to staying within an experimental unit, changing
to a new unit within the same block, changing to a unit in a new block.
‘The following results prove useful in the sequel.

Lemma 3.1. Let m be any integer less than n such that m = n —p

= [ 2ov].

Omp Zmp

and

It may be shown by direct multiplication that

_ 1o -l _ -
Zn [0' 0::’} + [ "}p p] szlv[_a:npzml ’ IP]

where Cmp = Enp = 01y El Omp.
Corollary: For p = 1 the relationship becomes equation 2.1.

Lemma 3.2. If oy, = aml the expression in Lemma 3.1 becomes
- o0, —gm 1! -
=[5 b [ estone s

ad Cimp = Epnp = 07 Btom1p1h = Sy — (Cmi1 — Omm)1ply.
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3.1 Case 1. If n — n 4+ 1 remains within an experimentélxunit consideg
two partitions ' i

b Omopt1 Tm O
Z:ﬂ'l'l = I:G'm Em'P+ ) En = alm Emp
m,p+1 m,p+1 mp mp

where p is the number of observations m the current experimental umt.i
(¢,7) contained in y,. Thus

szi
Omp = "mlp v Omp+1 = ”m1;+1 _
Zmp = Ip + (61 + 62)1,1;, + 937, rows, columns
where v , rows,columy s is the extraction of the first p rows and columns 4
of 7ij. mxlar]y . ;
Emp+1 = Tpp1 + (61 + 62)1p4a 1;r»+1 + 037p+1 rows,columns °
Using Lemma 3.2
-1 !

-1 2m 0m,p+l ] ["gm 1p+l] -1 !
= + C -1 I
n+1 [Olm,p+1 Ops1.pi1 Ip+l m.p+1[ p+19m » p+l]
C'm,p-f-l = 2m.p+l - (Cm+l - amm)1p+11;)+1 . ,;

Equating the expression for £}, to that given in equation 2.1 leads to y
recurrences for c,,g,. Before doing so, note that Cp, ;41 is symmetric™
Toeplitz so that there exists amp, Vinp such that :

Copt1 = [O' P Op] + Vip [ 1 p] [-amp s 1]
and then we have

Cnyl = Vmp
gn = [(1 = 1p8mp)gm » app] -

Recursive expressions for a;p, Vinp for a Toeplitz matrix may be found in -
McGilchrist and Sandland (1979) or Trench (1967).

3.2, Case 2. If n — n + 1 goes from one experimental unit to the
next but remains within the same block of units then we choose p equal to-
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the number of observations on the just completed experimental unit. The
condition omp = o1}, of Lemma 3.2 is satisfied and additionally

a:l = [U:n, 011;:]

so that
-1 _ ! Omp —Gm 1] -1r_ ' Om

]

—gm 1 -
= |9m + (91 + Cm41 — amm) gm Zp Cm:,lp
OP Ip

= [(X = &mp) gm]
Rmp Tmp,

where Kmp = (01 + €mt1 = Tmm)1,C b1y, Tmp = (CH1,)(1,CHLL,) 1.

Using the results of Case 1, the vector C;}1, may be built up recursively
by

Catpsatons = | T | 4 Vb - a1 [ 5]
On substituting into K,,p, Tmp expressions we have
Kmptl = Kmp + (€ma1 + 01 — Opum )V (1 - anply)?
Tmptl = Kppgn {"mv [”6"’]
Hems1 + 01 — Omm] " Vimp (1 = aly, 1] [—al’"p]) .
We also find

Cnt1 = [1 - ’Cmp]CmJ,-x + Kmp[amm - 01] .

3.3 Case 3. If n — n+1 goes to the first observation on an experimental
unit in a new block then o, = 0, and

gn =0p , Cnt1 =140 +0; + 6300 .

3.4 Discussion. If experimental units are independent then case 2 is
deleted. The results would then apply to an experiment such as those of
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Pantula and Pollock. All three types of recurrences are required when the
experiments have a blocked structure as in Sallas and Harville.
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