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ABSTRACT

The analysis of data from experimental designs is often hame
f»ered by the lack of more than one procedure available for the
analysis, especially when that Procedure is based on assumptions
which do not apply in the situation at hand. In this paper two
classes of alternative procedures are discussed and compared,
One is the aligned ranks Procedure which first standardizes the
data by subtracting an appropriate estimate of location, then
replaces the data with ranks, and finally uses an appropriate
test statistic which has asymptotically a chi-square distribution.
The second procedure is the rank transform which first replaces
all of the data with the ranks, and then employs the usual para=
metric methods, but computed on the ranks instead of the data,
Some Monte Carlo simulations for a test of interaction in a two
vway layout with replication enable the robustness and power of
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these twe methods to te compared with the usual analysis of

variance.

1. INTRODUCTION

Objective scientific research relies heavily upon the con-

trolled experiment, and interpretation of the results from con-
trolled experiments often depends on the availability of appro-
priate statistical methods. Some of the simpler experimental
designs may be analyzed by any one of several appropriate methods,
both parametric and nonparametric. Some of the more complicated
designs may be analyzed only using parametricziethods, while
other designs have only approximate statistical methods available,
Most statistical methods are less than perteét for one reason or
another. Nonparametric methods suffer from lack of availability
for most of the experimental designs in common usage, and where
they are available they appear quite often to be custom made for
the situation., Parametric methods on the other hand are available
for a wide variety of designs, but their validity depends on a set
of assumptions which are seldom met ;hd usﬁally ignored.

Considerable research has been devoted to showing that various
parametric procedures are robust (in terms of Type I error) under
different conditions. However, it is not as widely realized that
robustness in the above sense is only half of the problem and that
vioclation of the assumptions can also result in a loss of power,
In these circumstances nonparametric procedures, when available,
sometimes have considerably more power and therefore should be
used.

Another widespread misconception is that all nonparametric
procedures are, ipso facto, robust, Virtually all nonparametric
Procedures for experimental designs employ asymptotic distributions
instead of exact distributions for the test statisties, and vir-
tually all of them make some assumptions about the model which
may or may not be satisfied. Therefore both robustness and power
should be considered vhen comparing parametric and nonparametric

rrocedures. The dangerous myth, that nonparametric procedures
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are always more robust and parametric procedures are alwvays more
powerful, has blinded the minds of otherwise reasonable men, and
resulted in inferior methods being used to analyze experimental

results,

There is a well-established need for alternative procedures
wvhich can be used wvhen the parametric assumptions are not met. For
those designs that have no alternative procedures presently avail=-
able, a reasonable approach is to examine the many alternative
procedures available for some simple designs, choose those that
have especially good properties, and attempt to extend them to ine
clude other designs. In this paper we examine two known statisti-
cal methods that were developed using that approach, and we com-
pare them with the usual analysis of variance on the basis of

robustness and power.

2. - SOME NOTATIOR AND MATHEMATICAL BACKGROUND

Let Ik represent the k x k 1§entity matrix, Jk represent
the k x k matrix of ones, and lk represent the k x 1 vector of
ones, We use the direct prdduct notation x defined by
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and state the following well-known results (Graybill, 1969).
(1) If a is a scalar, then (aA) x B = A x (aB) = a(A x B).
(11}t (A x B) xC= A x (B x C)

-
(111) (A x B)* = A' x B' )
(4v) (A x B)(F x G) = (AF) x (BG) if AF and BG are defined.
(v) (AR ™) x ¢ = (A x C) + (B x C)
(vi) If rank (A) = r, and rank (B) = r,, then rank (A x B) = rr,,

(vii) A and B positive (semi)definite + A x B is positive (semi)
definite.
Since (Ia-%Ja) is idempotent with rank (a-1), it is easy to show,
_ 1 1
using the above results, that (Ia -3 Ja) x (Ib - S'Jb) is idempo-
tent, with rank (a-1)(b-l)..
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Let Y be an (abn x 1) vector whose elements are Y,
n; = l,...,b and i=l,...,a2; in that order. That is,

1 =
LA PP TR SEPTITTI SO SPRFTTRYS S

Let R(Y) be the vector whose elements are the ranks, from 1 to

abn, of the elements of Y,

syx0 K=Laies,

Ity represents a rmultivariate random vector with mean vector
u and co;ariince matrix I, then C Y has mean C u and covariance
;atrix C1I C', where C i; any (r~*-abn) matri; ;f constants, ~If
Y is muit;v;rlate normal (u, I) then the positive semi definite
quadratlc forms Y'A Y and Y'B Y are independent if and only if
A B =0, Ir Y is multivariate normal (u. v), then the quadratic
fonm Z'f z has the noncentral chi-square distribution with k de-

grees of freedom and noncentrality parameter A = %‘H'A u if and
only if A V is idempotent of rank k.

3. ANALYSIS OF VARIANCE

The name analysis of variance cov;rs e long list of statise
tical methods, which virtually>alvays incorporate the assumptions
of a linear model, and independent identically normally distri-
buted error terms. With these two assumptions, and occasionally
additional ones, statistical methods have been developed for many
experimental designs, and most of theﬁe methods have good proper-
ties such as being likelihood ratio tests. Many of these methods
are asymptotically nonparametric in the sense that as the sample
size gets large the central limit theorem assures that the distri-
bution of the test statistic approaches some prescribed distri-
bution, even thoﬁgh the error terms might be nonnormal. The
methods which are asymptotically nonparametric tend to be the same
ones which prove to be robust against nonnormality.

For purposes of comparing the various methods. we have selec-
ted as our vehicle of comparison the test for interaction in the
two way layout with replication. The linear model assumed in the

analysis of variance is
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where ag is the effect of the i block 31 is the effect of the
Jth treatment, YiJ is the block-treatment interaction, and where
15 the effect of the kt.'h replication. The effects, summed over

a.ny subscript total zero, and the Ei Ik 's are independent, normal
N(O,a ) random variables. The null hypothesis of no interaction
is represented by Hg: Yiy = 0 for atl (i,3).

Consider the matrix N = M x Q vhere M = (I -1 = J ) * (1, -

), and Q = !'- 9.' Note that M is 1denpotent of ra.nk (a—l)(b-l)
a.nd 9 g‘ == The vector Y/ has the multivariate normal distri=-
bution with mean u = {"ijklo} and covariance matrix I. Therefore
the quadratic form

(=T}

2_n a D
N V)(NY) /"= £ © (Y -Y , +Y

)2
p i=1 Jsl iJ- .o -J- .

» (3.2)
vhere the dot subscript represents averages, has a chi-square
distribution vith noncentrality parameter X = nyu '(N'N)u/2 and
(a~1)(b-1) degrees of freedom if and only if n N'N is idempotent
of rank (a-1)(b=1). But this latter condition is easily shown to

-
be true from the above considerations. Further, A simplifies to
b -

A=n §l 321 Y /202 because ofu = {(ulj_ M. oM J'+ u,, )=
{(y )} The noncentra.llty parameter equals zero if and only if
the null hypothesis is true.

Consider next the matrix E = (I, = 3pJ,) X (I, - 15).
Then E is idempotent of rank (a.b-l)(n-l) and the quad.ratic form

1 & P n ] 2
[ B m— - -
(£ )'(E )/ 25 LD Tt Y oY )% (3.3)

has the central chi-square distribution with (ab-1)(n-l) degrees
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of freedom under the above assumptions on Y. Furthermore, N E =0
so the tvo quadratic forms are 1ndependent and the statistic
. n(N Y)'(N Y)/(a-1)(b-1)
F=EDTE D0 (3.1)
has the F distribution, Ea:l)(;-i) and (ab-1)(n-1) degrees of °
freedom, central F under the null hypothesis and noncentral F
under the alternative,

If ve relax the assumption of normality on the Eijk’
maintain the assumption of independence, mean zero, variance o
and the linear model (3.1), then the central limit theorem may ’
be applied to YiJ. for "large" n, so that (3.2) still has, asymp-
totically at least, a noncentral chi-square distribution with the
indicated parameters., Also (g !)'(g X)/(ab-l)(n-l) represents a
consistent estimator of 02. so F has as an asymptotic distribution
the F distribution with infinite degrees of freedom in the denomie
nator. In this way, usage of the F-distribution to approximate
the distribution of F in (3.k) seems Justified.

Hovever, relaxation of other assumptions, such as equal vari-
ance of the Eijk' or the linear model (3.l1), may lead to serious
discrepancies between the actual distribution of F and the usual
approximation. Even if the true size of the critieal region, obe
tained from F-tables, is close to the nominal level of significance,
the pover of the test may be substantiallx less than that of alter-
native procedures which may be used. Therefore it becomes worth-

while to investigate some of the alternative procedures,

L. ALIGNED RANKS

In searching for alternative methods to use, it seems reason=

able to expand upon a method that works well in simpler models.
One such method is the Wilcoxon signed-rank test for use with
paired observations, or equivalently, with a two-wvay layout which
has tvo treatments and several (n) blocks. Although not usually
presented in this way, the Wilcoxon signed-rank test may be con-
sidered as follows. First "align" the observations within each



ANALYSIS OF EXPERIMENTAL DESIGNS - - . 1355
i » o :
block by subtracting the block mean. Thus ‘the two residuals in
block i become Eil il Yi. and E12 12 i vwhere Yi =
(Yil 12)/2. Then rank all of the residuals f‘rom smallest, rank
1, to largest, rank 2n. The usual paired -t statistic, or some
monotonic function of it, can be computed-.bfi the ranks and com=
pared with either the exa.ct distribution or an approximation
based 6n thé ;srymptotic distribution. This test'has desirable
properties ugder both the null and alternative hypotheses (see for
example Iman, 1974b, and Conover, 19T71). Hodges and Lehmann (1962)
suggested using this method of alignment before renking for other
‘designs. - Mehra and Sen (1969) discuss specifically the aligned
ranks procedure as a test for interaction _in'thg two way layout
with replication. Their procedure-is essentiali,v as follows,
First transform the vector Y of observations to the vector

Z of residuals within replications using Z = Se+Y vhere

B

= (1, - -J o) * (1b -- Tg) x Iy o (k)
obtaining z = {z 13K iJk 1 K .Jk ..k} ’ Rank the e;ements of
Z from sma.llest rank 1, to largest, rank abn, and denote the
vector of ranks thus obtained by R(Z). Consider the quadratic
form ’

' a b .
(NeR(Z))'(NeR(Z)) =n £ I (R, =R, "=R,+#R )2 (L.2)
- n - o - -~ - .- i’l J-l i,’o i'o th.- soe

as in (3.2), vhere N is the same as before. Assume the linear
model {3.1) to hold.'as before, but make no distributional assump-
ticns on the E, 1% except that the vectors (E 1k‘E12k"°"E bk)

are mutually independent, k=l,...,n, and have a distribution
function which is symmetric in its argumnté.-: .'I'hen the vectors
of residuals (lek’ZIZk""'zabk) are mutually independent k=1,
«eeyn, and their common distribution mnction is symmetric in its
arguments under the null hypothesis, Thus all permutations of
the ranks assigned to replication k are equail,y vvlikely. Mehra and
Sen (1969) consider the conditional distribution of (4,2), given
the configuration of r ranks in rows, columns, and replications,



1356 . CONOVER AND IMAN

and show that the statistic

n(§.B(z))" (5. B(z) (b.3)
(s.R(2))'(8.R(2))/(n(a=1)(b-1))
vhere § is given in (4.1), has asymptotically a chi-square distri-

T=

bution with (a-1)(b-1) degrees of freedom, central chi-square un-
der the null hypothesis and noncentral chi-square under the alter-
native hypothesis, The denominator of T represents the sum of
all possible values of (Rijk-R.Jk-Ri.k+R. .k>)2’ divided by the

rank of S, )

Act:xa.lly the aligned ranks procedure may be used with any set
of scores satisfying rather general requirements, but we are re-
stricting ourselves to ranks as scores in this paper, The statise
tic (k.3) may be used as an alternative procedure when the distri-
bution of Eijk is nonnormal, gnd because of the use of ranks we
can expect the robustness and the power of this procedure to com-
Pare favorably, more often than not, with that of the F-test when
the underlying distribution is decidedly nonnormal. Note however
that this procedure employs the assumptions of a linear model (3.1)

as does the F-test, -

5. THE RANK TRANSFORM
The idea of the rank transform is simple, If there is a
-parametric method available for analysis of the data, but the
assumptions of the parametric method are not aprropriate for the
data, then one merely replaces the data with their ranT:s/,_ ranking
everything together from smallest to .lo.rggst. Then thef'fmrametric

data. The idea of replacing the data with the ranks is to trans-
form the original observations into numbers that more nearly satis-
fy the assumptions of the parametric model, and at the same time
retain all of the ordinal information contained in the original
data. .
In the example used in this paper, the vector of ranks I}(E’)
is used instead of Y in the computation (3.4) of F, to get
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n(N R(Y))'(X R(Y))/(a-1)(b~1)

: Fr = (E ROD)TT(E R(T)) /(b1 (nel (5.1)

- o~ - -~ -

where the notation is the sanié as in Section 3.

The Jjustification for the rank transform is not so simple.
Like any transformation, it is intended to transform the data into
something more resembling normality. For example, it is well known
that the average rank R 1.
under rather peneral—conditlons while the same might not be true
of the average “of the data Y 13.° especially with highly skewed

approaches normality quickly as n grows,

populations or in the presence of ' 'outliers". This gives some
legitimacy to the numerator of FR The denominator of FR repre=
sents a quadratic form which is not sensitive to the presence of
interaction. If the covariance matrix of R(Y) is approximately
a constant times the identity matrix, then the quadratic forms in
the numerator and the denominator are approximately independent.
(This condition is not necessary, but it is sufficient.) Thus the
Justification for the rank transform is empirical. rather than
theoretical, We shall see in the next section how well the
eupirical evidence supports the use of the rank transform in this
situation, .

Like the aligned ranks procedure, the rank transform procedure
represents an extension of a nonpa.rametrié method that has proved
vorthy in a simpler design. In the one way layout, the rank trans-
form procedure is equivalent to the Kruskal-Wallis test (Iman,
Quade and Alexander, 1975) and is therefore distribution free. In
more complicated designs the null hypothesis does not assure that
all arrangements of ranks are equally likely, so the rank trans-
form procedure is no longer distribution free., It is merely a
robust procedure that appears to behave remarkably well in the
situations in which it has been examined. To be more specific, in
Iman (19Tla) the rank transform was compared with the analysis
of variance on the untransformed data. The design was a two vay

layout with interaction, so three F statistics were involved; rows,
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columns, and interaction. Many situations were examined, involving
the presence or absence of various effects, small sample sizes, and
normel, exponential, and contaminated normal data. In all cases
the null distribution of the test statistic behaved as well with
the rank transform as -without, and the power of the tests was never
much worse, but sometimes much better with the rank transform.

This is the only study of the rank transform we are aware of,
Until more evidence has been collected, we recommend the
following use of the rank transform. In any experimental design,
analyze the data using a standard parametric procedure. Then apply
the rank transform and use the same procedure on the ranks., Com-

pare the results of the two analyses. If the results are nearly
identical, the rank transform has merely confirmed that the ori-
ginal analysis is likely to be accurate. If the results (iifrer
considerably using the two methods, the original data should be
examined for possible clues such as outliers, to see why the orig-
inal observations indicate one conclusion while the ordinal infor-
mation retained after the rank transformation indicates another.
Such examination can provide insight leading to the proper inter-
pretation of the experimental results.

6. A MONTE CARLO COMPARISON OF METHODS
In order to compare thé robustness and the power of the three -
. methods, we have selected the lognormal distribution for study,
since the lognormal model is used as an approximation in many dif-
ferent applied fields. We have chosen three different/s_;tustions

for robustness studies and two situations for powe_r/‘gpmﬁirisons.

Specifically, let xi Ik be independent normal random variables '

with means
i=l.... .h
=u+,ai+BJ"YiJ+Dk ng.ooo.3
kgl.‘...s
and unit variances, as in the linear model (3.1). Let Yijk =

M13k

e
exp{xi Jk} be the observable lognormal variates., Thus the (Yi Jk}
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do not s‘:a.tisf‘y the assumptions of the linear model (3.1) or equal
variances, For each of the five situations mentioned above, 1000
sets of data were generated, and F, T, and FR were computed for
each set., Rather than graph the empirical distribution functions
vs, the theoretical (or approximate) distribution functions, which
are not the same for all three statistics, cumulative plots are
made of the obse'xj_\_r_ec_l__crit,ig&'l‘. levels (the smallest a for which HO
could be r_éjgct/ed) vs, the theoretical critical levels vhich follow
the uniform ’distri'bution in each case. In this way comparisons
of robustness and pover are more readily made,

~For the first situation, all 1 Ik
see how the test statistics behave under the null distridbution in

are set edual to zero to

the absence of any nuisance parameters. As Figure 1 indicates all
three statistics follow their hypothesized distributions quite
closely. Table I gives some numerical comparisons of the three
graphs shown in Figure 1. The column headed by D gives the observed
value of the Kolmogorov goodness of fit statistic (the maximum
vertical deviation of observed from theoretical curves) while the
1~ast column gives the exact two sided critical level associated
vith that observed D, for n = 1000. Thus the closer examination
afforded by Table 1, and specifically the last column, shows that
the statistic FR is the only one that agrees well enough with the
theoretical distribution to have come in fact from the theore-
tical distribution. The other statistics have distributions which
may be approximated reasonably well by their theoretical distribue
tions hovever, as indicated by the small values of D.

The second situation introduces nuisance parameters in the

form of replication effects o.==.5, 02=+.5, while the other para-

meters remain at zero. This :iLs intended to represent a mild form
of deviation from the first situation. The results as given in
Figure 2 show essentially the same results as in Figure 1, which -
indicates that all three statistics are relatively robust in the

presence of slight nuisance factors. Table II presents some
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numerical compa.fisbns. The same corments apply here as applied to
Table I.

In the third and final situation for the null hypothesis,
severe strain is put on the procedures in the form of block,
treatment, and replication factors being present. For this situa-
tion we let 02=.5, a3=-.5, Bl=.5, 82=-.5. in addition to pl=-.5.
o2=+.5 as before. The three graphs are presented in Figure 3.
While the distribution of the T statistic appears to be affected
the most by the nuisance parameters, behavior in the region of
small a is still reasonably good. Table III shows the same results
as the other two tables; that all three tests are reasonably robust
in the presence of ﬁuisance parameters, and that the distribution
of the rank transform statistic FR<agrees remarkably well with the
theoretical F distribution.

For pover studies we first introduce interaction in the form
Y53 T Y33 ¢ 3, Yi3% ¥ < ~+5, with no nuisance parameters
present (all e, BJ' Pys the remaining Yige and y equal zero).

The results are presented in Figure 4 in the form of the three
empirical pover curves plotted against the level of significance
a. Here the rank transform FR clearly has the most power, while
the usual F test and the Mehra~Sen T are essentially equivalent,
Some numerical comparisons are given in Table IV,

The final power study incorporates the nuisance parameters
used in situation three above, and the interaction effects of the
previous power study, to study how the pover might be arfec};ed
by the presence of nuisance parameters. The result sl\ows/fhé
power of the rank statistics T and FR to be relatiyely unaffected
by the nuisance parameters, while the power of the F test on the
rev data is diminished somewhat, especially for values of o be-
tween .10 and .50,

As a separate item of interest the 60 x 60 sample covariance
matrix of R(Y)’ was computed for the 1000 repetit;ions of the experi-
ment, in e;cl: of the five cases, The cor;elation between ranks

was remarkably close to zero and the variances were almost equal,
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vhich presented e coveriance matrix that resembled-a constant times
the identity matrix. This offers some explanation for the good
behavior of the F statistic with the rank transform.

Another side study involved repeating the above simulation
study on normal rather than lognormasl data. The results vere simi-
lar to the above under the null situations (cases 1, 2 and 3), and
there was no apprecisble difference in pover between F and FR under
the alternative hypothesis (cases 4 and 5). The statistic T showed

inferior power in this study.

7. DISCUSSION AND SUMMARY )
The F=test in the analysis of variance is a powerful and

convenient procedure to use when the assumptions of a linear model
and normally distributed error terms are reasonable for the data
Jeing analyzed. Violation of these assumptions might not affect
the robustness of the test, but may seriously decrease the power
of the test, as illustrated in this monte carlo study.

Aligned ranks procedures offer an alternative to the analysis
of variance in many situations. The exact conditional distribu~-
tion, given certain configurations of ranks, of the test statistic
can be obtained to mrnish an exact nonparametric procedure, but
the computations involved are too laborious even for high speed
computers except in the simplest cases. Therefore an asymp-
totic approximation ‘is usually employed for the test statistic.
Aligned ranks procedures still rely on the assumption of a linear
model for their validity. Although aligned ranks tests are
available for many situations such as the one illustrated for
interaction in a two way layout with rep}.ication. they a.refngt
available for other situations such as for testing Egtment; or-
block effects in the presence of treatment-block i;terACtion.
These tests are more general than we indicate in this paper; one
may use a wide variety of scores, other than merely ranks, and one
may align using medians, midquartiles, or other statistics rather
than means as ve used.here. This allows more flexibility for the

experienced practitioner but also causes considerable confusion
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on the part of the vast majority of data analysts vho prefer a cook-
book approach. ’

- The rank transform procedure has the same convenience features
of the snalysis of variance. For computer analysis, one merely in-
serts a subroutine that replaces all of the original observations
with their ranks, and then employs the usual computer packages for
data analysis. Analysis of the data and of the ranks can be
examined gide §y~aidé“%ﬁ“§ée‘ir they apree, indicating validity of
the paraﬁ#inié'assumptions or ir they disagree, indicating that
the data should be reexamined for possible violations of the para-—
metric gssumptions. The null distribution of the rank transform
statistic behaves very vell in the situstions examined, and the
pover appears to be greater than that of its compétitors 4in those
same situations. The rank transform procedure is not a nonpara-
metric procedure, it merely uses ranks as a means of transforming
the data into numbers that more nesrly fit the assgmptions of the
parametric model, and yet retain all of the ordinal information
contained in the data. i
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