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For longitudinal data on several individuals, linear models that contain both random effects across individuals and autocorrelation
in the within-individual errors are studied. A score test for autocorrelation in the within-individual errors for the “conditional
independence” random effects model is first developed. An explicit maximum likelihood estimation procedure using the scoring
method for the model with random effects and (autoregressive) AR(1) errors is then derived. Empirical Bayes estimation of
the random effects and prediction of future responses of an individual based on this random effects with AR(1) errors model
are also considered. A numerical example is presented to illustrate these methods.
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2 1. INTRODUCTION

To model longitudinal data collected over time for each
member of a group of experimental units, one must rec-
ognize the correlation between serial observations on the

same experimental unit. For balanced and complete lon- .

gitudinal or “growth curve™ data, Potthoff and Roy (1964),
Rao (1965, 1967), and Grizzle and Allen (1969) examined
through multivariate analysis techniques the generalized
multivariate analysis of variance model

vy« = XBa, + e, k=1,...,N, (1.1)

where y, is the p x 1 vector of observations on individual
k. X is the p x g within individua! design matrix, B is the
g »x r matrix of unknown parameters, a, is the r x 1
vector of non-time-varying covariates associated with in-
dividual k. and the e, are p x 1 errors assumed to be
independently distributed as multivariate normal with
mean 0 and general p x p covariance matrix .

In practice, longitudinal data are often unbalanced or
incomplete; that is, all individuals are not observed at the
same number of time points or with the same design matrix
X. and the number of observations on individuals may
become relatively large in some cases. Models that can
accommodate the unbalanced nature of longitudinal data
and have more parsimonious covariance structures than
(1.1) need to be considered. Thercfore. to address these
problems we consider models for such longitudinal data
that contain both individual random effects components
and within-individual errors that follow an (autoregres-
sive) AR(1) time series process. The model for individual
feis

yo = Xy Cumy o+ ugl k= 1.... .N (12)
where y, 1s a T, < 1 vector of observations, X, s the T,
< n design matnix for the mean vector of individual &0 B

1s the 71 > 1 population fixed ctiect parameter vector. €,
is the T, < m design matrix for the random effects of
individual k.71 anm > 1 vector of unobserviable random
effects assumed to he sampled from a multivariaic normal
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distribution with mean 0 and m X m covariance ma
[, and u, is the T, X 1 vector of within-individual e
whose components are assumed to follow the AR(;
model

" e, ~ N(O, 0?).

It is assumed for individual k that the observations’
taken at integer time points fy, . . . , & r,, Which are
necessarily consecutive, so the “missing data” situatio
accommodated. Let g%}, denote the covariance matrix
u,, so for Model (1.2)-(1.3),

¥, = cov(y,) = GI'C + g™},

U, = QU7 F &y,

has a more parsimonious covariance structure than (1.1

Laird and Ware (1982) considered the random cffects
model as in (1.2), but their work concentrated on ‘
situation where the within-individual errors are indcpen-
dent, and hence Q, was simplified to equal /. This leads
to the covariance structure 3, = cov(ys) = C:I'Ci + ¢’
A related model in the growth curve setting of the form
yio = XuBy + u, = X, Ba, + X7, + uy, with B, = By
+ 7., was considered by Reinsel (1985). Note that con-
ditional on the random effects 7., however, the observa-
tions on a given individual are assumed to be independent
in the model of Laird and Ware. This suggests that a ju-
dicious choice of the random effects terms C, in (1.2) may
be required to represent adequately the unconditional co-
variance structure of the y, when the errors u; are assumed
to be independent. Thus it may be appealing to incorpo-
rate in addition to the random effects structure in (1.2),
the possibility that the individual errors u, may be auto-
correlated, as in the AR(1) model (1.3).

For the model (1.2) with Q, = /, Laird and Ware (1982)
discussed in detail how to use the EM algorithm to obtain
the maximum likelihood (ML) and restricted maximum
likelihood (REML) estimates of the variance—covariance
componentsin I"and ¢°. More recently, Laird, Lange, and
Stram (1987) have continued to examine the application
of the EM algorithm to this random effects model. Lind-
strom and Bates (1988) examined methods to improve the

€ 1989 American Statistical Association
Journal of the American Statistical Assoclation
June 1989, Vol. 84, No. 406, Theory and Methods

AC ﬁ



oompumtional efficiency of the EM algorithm for these
m‘;ﬂi:zrk related to Model (1.2)—(1.3), LaVange and Helms
1983) used method-of-moments procedures to estimate
the time series parameters for the model y, = X;B + u,,
with AR(1) and (moving average) MA(g) models for the
u,, but without any random effects terms. Jennrich
process Ui : . .
and Schiuchter (‘1986)‘d:scussed various types of covari-
ance structures, including random effects models and the
AR(1) model separately, and used different algorithms to
obtain the ML estimates.” Ware (1985) overviewéd some
special covariance structures, including general multivari-
ate. random effects, and AR(1) models. Azzalini (1986)
considered Model (1.2)-(1.3) within the balanced and
complete data growth curve setting and obtained closed-
form expressions for the ML estimators of B, ¢°, and a
rransformation of I as functions of ¢. Pantula and Pollock
(1985) examined the special case with unbalanced but con-
secutive data, where C;, = 1in(1.2), and considered method-
of-moments type of estimators for ¢ and the variance com-
ponents I and o*. Finally, Jones (1986) discussed the ML
~stimation of models such as (1.2)-(1.3) through use of a
state-space representation and the Kalman filter.

In Section 2 of this article, a score test is first proposed
for testing the random effects model (1.2) with cov(u,) =
71 against the same model with autocorrelated AR(1)
errors for the u, asin (1.3). Such a test would be desirable
as a check after fitting the ‘“‘conditional independence”
model (1.2) with independent within-individual errors and
couid serve as a preliminary to fitting Model (1.2)-(1.3)
that includes the AR(1) errors. In Section 3 we discuss
the ML estimation and, in particular, the scoring approach
to ubtain the ML estimates for Model (1.2)-(1.3). Esti-
mation of random effects and prediction of future obser-
vattons for Model (1.2)—(1.3) are discussed in Section 4.
A numerical example is presented in Section 5. Some con-
cluding remarks are given in Section 6.

2. THE SCORE TEST FOR AUTOCORRELATION

The score test is originated from Silvey’s (1939) La-
grange multiplier approach, which requires only the esti-
manon of the null model, but yields a test asymptotically
“julvalent to the corresponding likelihood ratio test ob-
tained by overfitting the model. In our context, the appeal
of the score test approach for testing H, : ¢ = 0in (1.3)
s that. when the more “standard” random effects model
1.2} 1s fitted with cov(u,) = /. the score test will provide
# relatively simple check for the presence of possible au-
teorrelation in the errors. We must note that rejecting
‘he null model does not mean the alternate model specified
> appropriate, but only suggests that autocorrelation may
cxistin the uy's and the AR(1) model for u, represents a

feasonable alternative model that is worth consideration.

Letd = (0,,....0) = (Gu. ... .
)" be the vector of all of the variance—covariance com-
Ponents in Model (1.2), where the ;s are the elements
above and on the diagonal of the symmetric m x m matrix
. and set 6* = (8°. ¢)'. In addition. let a = (B. o7y

s rlms 422 s ormme

_= (Blv era ¢)" and let &0 = (Br’ é's 0)', where B and
0 are the ML estimates of 8 and 8 in the null model (1.2),
which assumes that ¢ = 0. There are several itérative
procedures to obtain the ML estimates B and 6 and-the
information matrix of B and @ under H,, including the
scoring procedure in particular. We consider this approach
in development of a score statistic for a test of H, : ¢ =
0 in Model (1.2)-(1.3). In_Section 3, ML estimation of
the alternative model, which includes the autoregressive
model specification [AR(1)] for u,, will be considered.
For the AR(1) model (1.3), the random wvariables
Uk, — ¢V are independent with mean 0 awd vari-
ance a’v;, With A(j) = 1, — ;o forj=2,.. . T,
the times between successive observations for the k:n in-
dividual, and v, , = 1/(1 - ¢)ifj = land v, = (1 —
$* /(1 ~ @) if j > 1. The A,(j) are positive integers,
and for practical applications it is assumed that values of
Ax(j) equal to 1, that is, consecutive observations, occur
sufficiently often. Hence it follows that Model (1.2)-(1.3)

has cov(u;) = a’Q),, where
' 0 = (R) ViR, 2.1)

with V, = diag(v, ,, . . .. v, 5,). R} is called the innovator
matrix (see Reinsel and Wincek 1987) of (}; and has the

form
1 0o - - 0]
- ‘;f).)“,‘) } .
R, = 0 - ] y
0 : 0 —p¥W
Let [ denote the log-likelihood function of y,, . . . . yy

for Model (1.2)-(1.3), so
-
| = constant ~ 3 > log|24]
£
.
Z (yi = XuB) 20y — XuB).
k=1
where ¥, = cov(y,) = CJI'C, + . It follows that
when evaluated at &, the score vector 8//da has al! ele:
ments equal to 0 except the derivative with respect to ¢,
denoted by (al/ag), = (al/d¢) | &, The information matrix
isJ = E[—aloade’], which has a form block partiticned
in accordance with the way « = (', 8", ¢)" is partitioned

ds

(2.2)

T | —

N

~ JH 0 0 J""'
J = {] J:: J:_“ . oy 82

Lo o Jy

The score test statistc, denoted by 2. then takes the

form

fal

ol Col |y (Al
= (| Las = =|=] /5. @3
’ L.("ﬂ | (.,_,) W) (r’ﬂ ) (('(f})u/) Ce

where s = JU — J%:J% JY and the superscript 0 indicates
the elements of J are evaluated at &,,. Under “regularity”
conditions that will ensure asymptotic normality of the
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scose- vector, 4 is asymptotically chi-squared distributed
# 1 df under the null hypothesis. T calculate A, we

first have
+3 2 04 xyrse Esog, - xp).
(2.4)
Note that by a matrix inversion formula (Rao 1973, p. 33),
N 50— XiB)
= o7 Q! - O7IG[C7C,
+ TG ) (ye — XiB)
a0y — KB — Cody) (2.5)

~ where 7, = [CiQ'C + T ICIO (v, — XiB) =
FCiZi'(ye — XuB) = E[7 | yi] represents the estimate
(posterior mean) of the random cifect 7«, when the model
parameter « is known. When ev:;]uaﬁted at &,, we obtain
5y - :{(kﬁ) ||i,, =0 v. - XuB - C) = ¢ %,
where 6%, B, and %, are the estimates of ¢2, B, and T In
fitting the random effects model with white noise errors
and i@, can be viewed as the vector of “residuals” from
this model for individual k. In addition, a3,/d¢ = a?Q),/
d¢, andsince R; = V, = Iand 8V,/d¢ = 0 when evaluated
at &, (i.e., at ¢ = 0), it follows from (2.1) that a8, /a¢
la = Li + L,, where Ljisa T, X T, matrix with (1 -
1)th element equal to 6(A;(1)), for [ = 2, .. ., T,, and
all other elements equal to 0, where 6(A(!)) = 1 if A
= L and 6(A,(/}) = 01t A(/) > 1. Using the inversion
formula for 3! | 4 associated with (2.5) we then have
t(271034/0¢) |4, = =2 tu([CiCy + 67T 1)71C{L,C,).
Thus, from (2.4), we find that

()
a¢ 0

N
= 2 tu([CiC, ¢+ 6T 1)'C;L,C,)

(2.6)

The second derivatives of / with respect to 8* have the
form

P N -
- :_lisﬂtr S,;'iz_‘ig‘dl‘
alrair 2.7 80}‘ a0}
_ 1. _ f'-Ea:\:k oo
A%li (¥« XiB)'x; a0 K
DI
x a0 2y — XuB).

with E[=a/607a07] = § 20, X, (05,/007)57 (%, /
807)]. Thus the elements of J,,, J,;, and J+, are obtainable
from this expression as a function of the 3, and the de-
rivatives a%,/a0;. To calculate 9X,/a0, | - 1t can be seen
that X /dy, | 4, = Ci(al'/ay,)Ci, where al'/ay, has 1 in
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the (i, j)th and the (j, i)th positions and 0 elsewh
addition, it is easily seen that 93,/30% | o, = Q4 |,
From these results and 3, | 5, = C,['C} + 6%, 5 =
J%3% ' 34, can easily be talculated. :

The score statistic A can then be calculated, fromi(
and (2.6), as ' i

,_ [ Zha @il + T, (GG, + #2017 ICLL,C)

Y TSN TATRITE

It should be noted that @; L&, = Z, d,,4,, ,, wh
2, denotes summation over those observation times
for which an observation at the previous consecutive §
Mj-1 = t; = lisalso available. Hence (1/T*) ZY_, 4}
= (UT*) Z¥., 2/ Qi g -1 = c*(1), with T* = 2
2% 6(Ac(0)), has the form of a lag one sample autq
variance for the @, pooled over the N individuals.’
numerator in (2.7) thus has the form of the squar
pooled sample autocorrelation at lag one of the ﬁk‘,,'r\fvfii
a “correction” for bias due to the use of the estimate
in the formation of the i,. It is interesting to note ihat}:
from the score test approach, in the presence of theﬁﬁ
dom effects terms in.model (1.2) the appropriate residu
i, upon which the test for autocorrelation is based afqﬂ;wﬂ
= ¥« — XuB — Ci#, where %, is the empirical Bayes.
estimator of the random effects 7, (under the nui! model)
A large value of A, compared with a y? distribution “'ltilai
1 df, would suggest autocorrelation in the u,’s and might
lead to consideration of the ML estimation of the éli:e‘\
nate model that includes the AR(1) errors medel (1.3).
Although the score test statistic (2.7) is valid for
regular patterns of observation times, the power of t
test will tend to be best when observations are conse
tive. B
We remark that in the particular case of a simple rando
effects model with C, = 1, a 7, x 1 column of ones, the
numerator of the score statistic (2.7) recuces to the square.
of T*r*(1) + [ 2}, [T + T.D)], where T =
2% 8(A«(D), and r*(1) = ¢*(1)/6? has the form of a
pooled lag one sample autocorrelation of the i, . In addi-
tion, the i, are given by @i, = Yo — X8 - 1t where -
t = [LEATE + 69 and ¢} = T7 1y, — XB) 54
the average of the deviations from the estimaicd mean
response for the kth individual. Furthermore, in the spe-
cial case of balanced consecutive data i: the simple random
effects model, with all 7, = T, the scoi statistic reduces
to /= NI(T - D[r*(1) + PPYT - D[i - 28T -
D]}, where P = TATT + 42). :

3. SCORING METHOD FOR MAXIMUM
LIKELIHOOD ESTIMATION IN THE RANDOM
EFFECTS MODEL WITH AR(1) ERRORS

If the score test developed in Section 2 rejects thegnull
model, then the alternate model [(1.2)-(1.3)] may be fitted
by maximum likelihood. The model implies that cov(ug)
= o), where 0, = (R{)""W,(R,)"" as given in (2.1),
and thus X, = cov(y,) = C,I'C; + ¢¥),. The EM al-

gorithm approach to ML estimation, such as that of Laird
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d Ware (1982), is not so appealing in the presénce ofa
time series model such as (1.3) for the errors u,,, since
the M step would not yield an explicit closed form of the
ML estimator in a one-step, linear calculation. Thus the
scoring method for estimation of this model will now be
considered.

To apply the scoring procedure, we consider the log-
jikelihood of yy, . . ., yvas given by (2.2). If ML estimates
§* = (8, ¢) of 8% = (0', ¢)' were available, the ML
estimate_ 8 can be obtained as § = (2i-; Xi2i'X,)™!
b7 X35 'ye, where 2, = C.['C; + 6%Q. Thus in the
iteration procedure, we will first obtain 6*, then f3, and
these are used as the estimates of @* and B to start the
next iteration. It will also be required that the estimate
{ of the random effects covariance matrix be nonnegative
definite. Reparameterization of ' = F'F by the Cholesky
decomposition (Lindstrom and Bates 1988). where Fis an
upper triangular matrix, will result in a nonegative-def-
inite matrix I'. Thus, instead of T, we treat F as the pa-
rameters. i

Lettingn = (fll’le! >.. . ’flm!f22$ L ,f2m1f33$ ca »
frms %, @), we need to calculate the score vector s = al/
an and the expectation of the negative Hessian matrix J*
= E[ - 34/6mdw’]. With the current estimates #*) and
@ at the hth iteration step, one iteration of the scoring
procedure for estimation of m is then

AEED = [ 4 FP-1gm), (3.1)

where §* and J® denote s and J« evaluated at 4 and
f®, Then B*+Y is obtained as

N
B(Ml) = (kE X;‘Es‘hﬂ)-lx*)
=1 .

where 3D = CL4+0C; + 6240Q{ Y with feen =
fre+1 ftne1) The ML. estimates f3,, and 7y are obtained
by iteration of (3.1) and (3.2), and upon convergence we
use cov(B,) = (2. Xi2i'X,) ™" and cov(fiy) = Jitas
the covariance matrices of the ML estimates.

To start the iterations, 3® = (firs - - -+ foums 6% 0)'
are used as the initial estimates, where the f’s are ob-
tained from the 7,’s by Cholesky decomposition and the
5.°s and &2 are the ML estimates of the y; and 7 in the
random effects white noise errors model.

To calculate s and J«, we have for any #n;, 7,

al 1 &
— = —= E tr | 27! éé
o7 25 an;

an

-1 N

XSy, (3.2)
k=1

. .
- XuB)'Zc! My - XaB)

N

. (¥«

k=1
E[— a2 :| _ litr(zula_z"z-xa_‘?‘k
anion; 2,5 £ oan, ‘ 5'7;,’!.
In particular, since %, = C,F'FC; + 7’y
A2, aF’ aF
—X = C,— FC; + C,F' — C;,
af;  tefy M afy
P

da?

1 2
+ = =
2 an;

and

i =],

Qka

Ii

and :
o ad i o
L ORE by gt
= g? [—Rk*l —aj Rk leRkl
) . _, R
+ Rk l'é‘;kRkl ',‘.Rk ’VkRki"“a_&ka-l].

For computation, to obtain the inverse of the T, X T,
matrix 3,, a matrix inversion formula (Rao 1973, p. 33),

Sl =07 - 072Gy :
% [0 + F'F(CQ'CO"'F'FCIQ",  (3.3)

is used, which involves only inversion of ), and an m X
m matrix. Fro m (2.1), the relation Q' = R, Vi'R;is also
used in the computations. Using these results, the calcu-
lations in (3.!) to obtain 4 can easily be performed.

In addition, these results can be used to express  more
conveniently in terms of variables in the transformed model
cosresponding to (1.2) with white noise errors, y; = XiB
+ {1y + €, where yi = Vi2Riye, Xt = Vi RiX,,
and C; = V{'?R;C,. Thus it follows that B can be written
as B = (SN, XP'EioXH ™ i XEET'yE, where
st o= (CITCY + o)t = el - Cilo] +
[(Cy'C#)]'T'Cy') is the inverse of the covariance matrix
of y; in the (transformed) random effects model with white
noise errors.

The value of —2 times the log-likelihood, denoted by
— 21" _is calculated at #® for each iteration. It is required
that —2[t+D < —2[® for each iteration, but sometimes
the increment J® 13 is too large. Then (3.1) is modified
as ¥+ = {4¢ + pWFP-13®_ where p® € (0, 1) is found
such that —21#+) = —2[".

One useful feature of the scoring method in (3.1) is that
J¥ is always guaranteed to be nonnegative definite. From
the experiences of data fitting, however, sometimes J&
tends to have one or more eigenvalues very close to 0,
which probably means there is an overparameterization
problem. This may occur when the matrix I is singular,
indicating a rank deficiency in the random effects struc-
ture. In such a case, after suitable arrangement of the
random effects, I has the factorization I’ = Fi«F«, where
F. is upper triangular but now is of dimension r X m, r
< m; thatis, f; = Ofori>r. Thus, when appropriate,
the restrictions f; = 0 for i > r in the random effects
model with AR(1) errors can easily be incorporated in the
estimation procedure (3.1). ;

The scoring method (3.1) to obtain the ML estimates
of m can readily be modified to obtain the REML’s of
these parameters. Following Harville (1974), the restricted
log-likelihood function to be maximized is the func-
tion »lus the additional factor —(Mlog|Zi-y XiZi ' Xl
Then. for example, the modified score vector is s =
al/3q plus the additional term whose ith component is
— ()a(log| =y XiZi Xl an = (S Xi2i X))

N Xi3 (02 an)Ei X ]. Similar modifications are in-
volved in the Hessian matrix, which lead to modified scor-



ing equé[ions of the same form as (3.1) for the REML
a1

4. EMPIRICAL BAYES ESTIMATES OF RANDOM
EFFECTS AND PREDICTION OF FUTURE VALUES

The estimation of the individual random effects 7, in
Model (1.2)—(1.3) may sometimes also be of interest, es-
pecially for problems of prediction and selection. The min-
imum mean squared error (MSE) estimator of 7, is the
conditional mean of 7, given y,, whichis 7, = ['C,Z; '(y,
— XiB). Using (3.3), 7, can be expressed as

‘ik = T: - Wk(Wk + F)AIT:, (41)

where W, = ¢*(C,Q;'C,)™! = ¢¥(CH'CYH)', and 7 =
(CROICH)T'C (v — XuB) = (CECHT'CH (yi -
X{B) is the individual generalized least squares estimator
of 7, under the AR(1) errors model when B is assumed
known and 7, is treated as fixed: The MSE matrix of %,
is given by '

E[(Fi — )7 — W) = W, - W(W, + I')"'W,.
(4.2)

In practice, the parameters 3 and m of Model (1.2)—(1.3)
are unknown, so ML estimates B, and W, are used in
(4.1) to obtain the empiricai Bayes estimator

=10 — WlW, + 1) 1y, (4.3)

where W, = 6%C/),'C,) ' and 7/ is 7/ evaluated at
BM and vy. The MSE matrix of ¥, may be approximated
by the expression in (4.2). but this expression does not
account for errors due to estimation of the unknown pa-
rameters B and v and hence it will tend to underestimate
the actual MSE matrix for smaller sample sizes N. The
actual MSE matrix and more accurate approximations to
the MSE matrix of %, that account for parameter esti-
mation errors have been considered for special cases of
the general model [(1.2)-(1.3)] by Reinsel (1985). Similar
approaches may be employed for the general case to obtain
a better approximation to the MSE matrix than (4.2) for
smaller sample sizes &, but this will not be considered in
this article.

Prediction of future values of an individual within the
longitudinal data context may also be of interest and has
been considered by several authors. including Lee and
Geisser (1975), Gesser (1981). and Reinsel (1984). Thus
we consider the situation where observations v, are avail-
able for a further individual over the first portion of tume,
and we are interested in the prediction of the values v,
for this individual over the next (future) portion based on
Model (1.2)-(1.3). The model for Yo = (¥4, ¥or) can be

written as y, = X8 + Ci7, + u,. where
X C u,
X, = u w = AP
‘ {Xn' C I (j'lj ! [ul_‘_
with coviu,) = ¢, and Q,, is parttioned into blocks €
(o) = 1.2). Thencov(yy) = X, = CI'C) + 770, which
s also partutioned into blocks X, = C,I'C;, + a°(),. The

mimmum MSE predictor ¥, of y,.. based on v, s given

Yoo = E[ye -yl = XuB + Cuiy + iy,

where %y = E[7 | yn] and @i, = E[ug, | yo]. Thus 4
10 — Wa(Wo + I')7'7f, with W, = a (Cadj'C,
and 77 = (C,2;,'Cy) 'Cii 211 (yor — X B) has the sy
form as in (4.1). In addition, it can be shown that 7

U = Q05 (Yo — XaB — Cot), 4

where Q7' has all columns equal to 0 except the |
column, which has elements of the form ¢~ (j =1
+ 1, ....,°Ty), where T, denotes the number of obsg
vations in y,,. That is, the elements of i, are simply g
= @iy g, where d, 7, is the last element of
vector of residuals @y, =y, — XoB — Cy %), and hen
the elements of @i;; represent the usual predictions frop
an AR(1) model based on “'residual™ values i, . The MS
matrix of the predictor (4.4) is given by

E[(yor = )y = §uo)']

Ty - X2y,

000, Q) = (Cpy — 0 0i'Cy)
Wo(Wor + T) 'W)

X (Cop — 05,0,/Cyy)". (46

In practice, ML estimates of unknown parameters B an
M are used in the expressions of (4.4) and (4.5), and a
approximation for the MSE matrix of the resulting pre
dictor is given by (4.6): although. again, this expressio
does not take into account the effects of the use of est
mates of the true parameter values on the prediction MS
matrix.

I

a(Qy —
X (‘fvm -

5. A NUMERICAL EXAMPLE

We now discuss a numerical example that involves dat:
from Zerbe (1979). A random effects mode! analysis o
these data was considered by Reinsel (1984). In the study
standard glucose tolerance tests were administered to 2
obese patients. and plasma norganic phosphate (mg/dl
measurements determined trom blood samples were ob-
tained for each patientat 0, .5. 1. 1.5, 2. 3.4, and 5 hours
after the glucose challenge. From the plot of the averages
of plasma inorganic phosphate measurements over these
20 patients at each time pomnt (Fig. 1). it is reasonable to
model the mean response by a piecewise linear function
with change point at 2 hours. Thus the design matrix for
the mean response of all 20 patients has the form
| I | 1
0O 5 1 15 2

0O 0 o 0

—_— ot —
to b -
L

To model the between-individual varation (random ef-
fects). we start by o~~uming that only the intercept is ran-
dom, and thus C, I tor all k. This model with white
noise errors.

yl:xﬁ 1V‘IIE’A +oug. T

S0, (5.1)
4__.‘

u; N oAy k= ]
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Figure 1. The Averages of Plasma Inorganic Phosphate Measure-
ments Over 20 Patients

was fitted by the scoring method. The resulting ML
cstimates of @* and F, where F is such that ' = F?, are
s = 1515and F = .6013, and the value of —2 times the
ing-likelihood corresponding to this fitted model is —2/
= 212,154,

The score test statistic for autocorrelation of the u, in
(5.1) gave a value of 4 = 45.85, which is highly significant
compared with a y? distribution. This score test statistic
value was obtained by treating the eight time points as
cach being one “time” unit apart, whereas if one half an
hour 1s taken as the basic time unit and the actual times
of the observations are used, the score test statistic value
was 26.73, which is still significant but less so than the
former value. In addition, when the random effects model
with AR(1) errors was fitted, with all points treated as
cach being one unit apart, a better fit 1s obtained than
+1th one half an hour treated as the basic time unit. Hence
the eight time points will be taken as each being one unit
ipart in our further analysis.

The score test suggests the possible existence of auto-
correlation in the within-individual errors u,'s. The alter-
nate model

T, ™ 1’\"{{)‘ l‘}.
k=1,....20,

v. = XB + I, + ug,
(5.2)

with u, an AR(1) process. was fitted. The ML estimates,
along with the value of —2 times the log-likelihood for
this model. are given in Table 1. Another model, with
more general random effects and white noise errors,

T N0 T,
S0 200 (53)

VoooXBoF X1 4w,
u, o NG ko= L

was also fitted. and results are given i Table 2

I'he score test statistic for autocorrelauon of Model (5.3)
was found to be 2,50, which means this model does explain
most of the autocorrelation in Model (5.1). but when com-
pared with the simple random effects (C, = 1) with AR(1)
errors model (5.2). the latter has fewer parameters and
2 times the log-likehthood. Hence it is
It 1~ also noted that the hike-

smaller value of
preterred over Model (5 3)

L e S P S

457

Table 1. ML Estimation Resuilts for the Random Effects (C, = 1)
Model With AR(1) Errors, (5.2), Where F Is Such That I' = .F*

Number of

B £ § ¢ -2 parameters
4.506

(158)
- 677 5142 1265 6973 161.1186 6
(068) (1291)  (0157)  (.1039)

.286

(.042)

lihood ratio statistic to test for autocorrelation of the u,
in Model (5.1), as given by the difference in values of —2
times the log-likelihood between Models (5.2) and (5.1),
is 212.15 — 161.12 = 51.03, which is relatively close to
the score test statistic value of 45.85.

The model that combines the general random effects
structure of (5.3), with 'C, = X, and the AR(1) errors
structure of (5.2) was also considered. Thus the model

T~ N(0, T),
k=1,...,N,

yio = XB + X7 + uy,
5.4

with the u, an AR(1) process, was also estimated by the
method of Section 3. The value of —2 times the log-like-
lihood was found to be 159.09, which does not improve
much over the model (5.2) with the value of —2 times the
log-likelihood being 161.12. The estimate of ¢ was .3957
with standard deviation .2211. These results indicate that
the “‘extra” random effects terms are not needed. This is
supported by the fact that, excluding f11, most of the ele-
ments of F for this model were relatively small compared
with their respective standard errors.

Neither Model (5.3) nor Model (5.4) offers any sub-
stantial improvement over Model (5.2); thus Model (5.2)
is our preferred choice. The fitted values from the random
effects AR(1) errors model (5.2) for all 20 patients, y, =
XB + 1% (k = 1, ..., 20), where ; is the empirical
Bayes estimator (4.3) with all of the parameters replaced
by their ML estimates, are plotted in Figure 2. The “pre-
dicted” values from this model for all 20 patients, ¥, =
XB + 1%, + i, (1) (k = 1....,20), where @; (1) denotes
the vector of one-step-ahead predictions for u, based on
the previous f,,'s and using the AR(1) model, are also
plotted in Figure 2. Figure 2 clearly indicates the improve-
ment in predictions from the model by inclusion of the
prediction components associated with the AR(1) noise
model.

Table 2. ML Estimation Results for the "‘General” Random Effects
(C, = X) Model With White Noise Errors, (5.3), Where F Is the
Cholesky Decomposition of I Such That ™ = F'F

. Number of

B F a? =21 parameters
4.491 763 —-.156 -.032

(1768) (.129)  (.072)  (.048)
-.678 .248 -.070 0667 162177 10
(.074) (.049) (.050) (.0094)

292 163

(.046) (.033)
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Figure 2. Plasma Inorganic Phosphate Measurement Data With Fitted and Predicted Values Against Time (hours) for 20 Patients. +, Original

Data; ——. Fitted Values, ---. Predicted Values
6. CONCLUDING REMARKS

For situations in which the numbers of observations 1,
on the individuals are relatuvely similar and not too large.
inclusion of a sufficient number of random effects terms
i the model with white noise errors may be able to rep-
resent the serial correlations amony the measurements on
cach individual. However. modclr « of autocorrelations
through use of time series models for the errors. such as
an AR(1) model. in addition to the inclusion of random
effects terms. may be more appropriate and may lead 1o

amore proper representation of the correlation structure.
Use of an AR(1) errars model can also have the effect of
Vreducmg” the number of random effects needed in the
model. Thus methods for determination of the best com-
bination of time series model for errors and random effects
terms for the model 1s an important topic that deserves
further consideration. Generahzations of the A R(1) model.
to other nme serics models. such as higher order AR or
MA models. may also be worth consideration. and the
methods of this article can be directly modified to include
these models based on the approach of Wincek and Rein-
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sel (1986)- Selection of an appropriate form of time series

model for the errors may be based on a sequence of like-
ihood ratio tests, on use of information criteria such
as the Akaike information criterion, or on cross-valida-
tion prediction methods to compare time series models
more complicated than AR(1). In conclusion, in the mod-

eling of longitudinal data we favor consideration and
inclusion of the AR(1) or other time series specification,
in addition to possible random effects, because it may
jead to a more parsimonious correlation model and has
the potential to provide an accurate representation

for the correlation structure among repeated measure-
ments.

[Received March 1988. Revised October 1988.]
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