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MULTIVARIATE ANALYSIS OF VARIANCE FOR A
SPECIAL COVARIANCE CASE
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Multivariate analysis of variance tests are developed for situations .
where the underlying covariance structure is uniform (equal variances |
and covariances) in terms of statistics analogous to Hotelling’s 7% and
T Extensions are made to several populations as well as to blocks -
of uniform covariance matrices. A special case, which is typical of the |
test procedures given here, is the problem of testing whether the
mean vector of a bivariate normal distribution is equal to some specified :
vector based on n observations. The uniform structure assumes that *
the two unknown variances are equal though the correlation is arbi- §
trary. The testing procedure leads to a statistic U which is distributed

“a8 the sum of two independent Fy,,_y ratios which may be contrasted 3
with the T statistic proportional to Fa,._s used in the situation where :
the variances are not assumed equal.

INTRODUCTION

N GENERAL & k Xk covariance matrix of a multivariate normal distribution is :
I specified by k(k+1)/2 different parameters. In certain instances the number !
of different parameters can be considerably reduced. We will consider here
multivariate hypothesis testing for a special reduced parameter covariance
situation that we shall call the uniform case of order m, i.e., (u),. Certain
applications of this case to a general serial correlation model will be given when
k=3, 4, 5 for testing the null hypothesis as in the analysis of variance that the
k means are all equal. This is in a sense analogous to the mixed model analysis
of variance situation, where the errors are not independent but are serially re-
lated. Previous work in the area of special covariance matrices by Wilks [9]: nd
Votaw [8] was focused on problems of symmetry and compound symmetry, with
test statistics derived on the basis of the likelihood ratio criterion. Here, the
main interest is in testing whether a vector mean is equal to some specified
value, or whether g vector means are equal given a uniform covariance structure,

1. THE UNIFORM CASE (u);

Let 2’ = (21, 23, - + +, 2:) have a k-variate normal distribution with vector
mean u’=(u, - + +, ux) and uniform covariance matrix.
(1 p « « - « p}-
p . .
A = g2} e .. . (1.1)
p p 1
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k. Let a sample of n observations be drawn at random from this population.

; e The hypothesis we wish to test is .

' Ho: p' = (1o, * + +, tiro)

Hy: p 5= y.o': . ' | -
Let #’=(#, - - -, &), be the sample mean vector and
(w 2z . . . 'z
z
Se=| " " ' (1.2)
z
zv‘ B . . z w)

. where w is the average of the sé,mple variances and z is the average of the
. sample covariances. ' "
Now a monotonic function of the likelihood ratio test statistic is

| A= |I+878]" .3
where | ‘
fa b b
b - ;
B= N
b \
b * < b Q)

a=n(n— 1)1k ~ 1)~Y& — uo)'(£ — o),
b =nn — Dk~k — 1)71(2 — wo)'(E — I)(2 — o),

" and E is a k Xk matrix all of whose elements are unity. Since the characteristic
roots of S3'B are (a—b)/(w-z) which is of multiplicity k—1and [a+(k~1)b]/
[w+(k—1)z], : : . : '

(YT

In the null case a—b, a+(k—1)b, w—2z, and wt(k—1)z are mutually
independent and  distributed like (n— DM E—1)"G.,, (n—1)"1,
(n=1)"2(k—1)"x}_1ya—-), a0d (n—1)"1x2_,, respectively. It then follows that

A= (4@ - D Fyanan(l + (0 — D-F,)"  (15)

or that X is distributed like the product of two independent variables w1y

2 e g
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where
F(u) « (1 = u) =3Iz (=1) k—1)~-2)/2

f) = (1 = g)~Mmptn-nrs, (1.6)

The moments of A can be easily computed so that

I‘(n(k - 1)) I’((k - 1(n—-14 2r)) I‘(1> r(n - 14 2r)
B = 2 2 2 2 @ '
r((k—l)(n-—l)>r<(k— 1)(n+2r))r(n—1)r(n+2r) :
2 2 2 2
Useful approximations to the product of beta variables are given by Tukey
and Wilks [7]. ‘
A second criterion which suggests itself is to test the F ratios separately and
reject the null hypothesis if at least one of the F ratios is significant.
Another alternative statistic is. the analogue of Hotelling’s T? or its gen-
eralization T3 [4] which is based on the trace of the product of two matrices.

Actually this statistic may be derived from the information criterion of Kull-
back [6, chap. 9]. This criterion yields here,

U = ntnS. (2 — po) (2 — po)’ = n(& — po)’Ss (2 — po), (1.8)

which can be written as

_—-DE-D@a=b  (@-1@E+ k-1

v w—z w4 (k— 1z _’ : (1.9)

and hence results in
U=k~ DFira-10-1) + Fra, C(1.10)

where the F ratios are independent. Therefore in the null case U, the natural
analogue of 7%, is distributed as a linear sum of independent F ratios and tends
asymptotically to xi as n— ». In the alternative case at least one of the F ratios
is a non-central F.

From this point on we shall restrict our attention to the statistics which
can be derived by use of the information eriterion. The computation of the
information statistic U can be made by resorting to an analysis of variance
table. Let zij—pp=yy, i=1, -+, n, j=1,-- ., k, where the variables are
the columns and the vector observations the rows.

From Table 1 we get

(k- 1)@y + 9:]
Qs Qs
A confidence ellipsoid for the mean vector u is obtained in the same way as

for the T* statistic (Anderson [2, p. 108]), only here one would use the per-
centage points of U. /

U=(f"—1)[ 1.11) .
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TABLE 1
Source ) ~ DF. Sum of Squares M.8.
: \ ‘ ‘
Columns k-1 Qu=n 2 (34—3.0% k-1)"'Qx
im ‘ Lo
Rows n—1 Qi=k i (2:.—2.)2 , (n—1)"1Qs -
! =l

CXR k=D@-1) | Q= ; T @y—ty—2.+z.0t | k=1 n—1)"'C
Grand Mean 1 Q=nk3. : &

We may extend this to g populations, i.g_,,emultiva;riate analysis of variance.
We take a random sample of n, obseryafions from the ath population a=1,
. « « g, where we assume that the g k-variate normal populations have the com-
mon uniform covariance matrix of (1.1). Let nZ=(na, * - :, 1) be the vector
mean of the ath population and we wjsh to test whether the q= + + « =u.
In this case the information statistic turns out to be distributed as a lindar sum
of two independent F ratios under the null hypothesis, so that

U, = (g = )k — DF g-ng-v.e-nw-o + (9?“.'.‘:‘1‘),&71;"—0: (1.12)

where N= D _n, and g>2. U, is asymtotically x3,_y. Under the alternative
hypothesis, at least one of the F'sis a noncentral F. .

The computation of U can also be obtained from an analysis of variance -
table where i, are the observationsi=1, - - -, fla;j=1, - - -, kia=1,--,9g.
where the variables are the columns and the rows are the vector observations,

TABLE 2

Source D.F. ~ Sum of Squares i M.8.
Y .
Col. k=1 - | Q=N 2 (£ -2.)* (k—1)"'Q
F=1
Populations g—1 Qi=k Y na(Za..—%£...)? (9—1)"1Qs
Rows within N-—g Qi=k X Z (Bia—2..0) (N —g)"1Qs

Pop. S
Col. XPop. | (k—1)(g—1) Q.-):{z.Z,:(r.;.—z..a—-z.;.ﬂ...)' (k—l)"(a-l)“*Q-

Col. X rows ‘. .
within Pop.| (k=1)(N—g) | @= L X T @Wiia—2ja—F.atE. 2 E-1)7WN —9)"'Qs
Total Nk—1 e 4 _ .

From Table 2 we obtain : \

(_’12_119_‘+9_’], (1.13)

U?=(N_")[ & Q




2

664 AMERICAN STATISTICAL ASSOCIATION JOURNAL, SEPTEMBER 1063

2. THE UNIFORM CASE OF ORDER 2 (u)1

Let o' =(x}, }) be a multivariate normal distribution thh mean u=(u;, p,)
and partitioned covariance matrix

Ay Au) ;
(2.1)
(Au {\zs
where
z{ = (xl"; cc :xh")r VI‘"I = (I"'l"s fty I‘h‘); A = (B — B + B.E; ‘

fort = l, 2; Au = BnEu,

where I, is the k;Xk; identity matrix, E; is the k;Xk; matrix all of whose ele-
ments are unity and E, is the k, X k; matrix all of whose elements are unity. We

_ shall call this covariance structure uniform of order 2 or (u)s, since it is essen-

tially made up of two partitioned uniform covariance matrices.

A sample of n observations from this population provides a test of the hy-
pothesis that u’ = o= (p10, p2o). Letting £/ = (£14, « * -, %,4), =1, 2 be the com-
ponent of the sample mean vector £’ = (Z{, Z;), we can easily show that the in-
formation statistic used to test the hypothesis u’ = is essentially

— )l + 2,.E, 213613 )"‘
zuEl,: (‘wz - zz)Is + 2:E,

(%1 — 1) .
[ . 2.9
(£2 — p20)
where w;, w, are average sample variances, and z;, 2,, 211 are average sample

covariances. After some algebra which does not present any particular diffi-
culties, we get

U@) =n[(z: - #10)’, (B2 — p20)’] ( (w;.

n(Zy — p1o) (I1 — k71E1) (%1 — p1o)
v wy — 2y
L n(Zy — wa0)'(Is — ki'Ea)(Z2 — pao)
Wy — 22

U@) =

Ji(#1 — po)
J{ (F2 — p20)

+ 2[(& — w0y, (@ — #zo)'Jz]S"'l: ], 2.3

where J;is a 1Xk; vector all of whose elements are unity fori=1, 2; and
8 8
S=( 1 n>' @.4)
812 822 :

where

. N _
8s = ki(ws + (ki — 1)2); (&i — pio)'Js = E (Fec — pio); fori=1,2,

a=1

and 812 = k;k,zia.
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Further it can be shown for the structure (u)s that U(2) is distributed like a
¢ linear sum of two independent F’s plus Hotelling’s 7%, or as the linear sum of
three independent F’s free of nuisance parameters in the null case. .

U@) = (ks = DF g1y, ei-ytn-1) F+ ‘(kz — DF g1y, 0-n00-0) + T* (2.5)
or ) ‘ i '
U@) = (k1 — DF gy-1y, -1 n=1) + (k2 — DF gy-1),04-1) (=)
2(n —1) ' ‘ '

Fam_s ' . © (2.8
n—2 Tt 2.6)

U(2) is asymptotically distributed like %, +1, 88 n— . In the alternative
case one or more of the F’s are non-central F's.

The computation of U(2) can be made from two analysis of variance tables
of the type of Table 1 where each of the first two F’s in (2.6) is (n—1)(Q:1/Qs).
The T' statistic may be obtained by computing a mean variable across the first

batch of k; variables and another across the second batch of k, variables for -

each vectorial observation. This gives us two variables with n observations
from which we can compute Hotelling’s T? in the usual manner. '

The extension to equality of vector means of g populations, all having struc-
ture (u)s, can be made without any difficulties and would involve a linear sum
of independent F’s plus the multivariate analysis of variance Hotelling’s T3
statistic (based on the trace of the product of the inverse of the within matrix
and the between matrix), which tests the equality of means of g-bivariate normal
populations. -

3. UNIFORM CASE OF ORDER M(%)m

For completeness, we will indicate briefly the situation where the covariance
structure is (u)m, & partitioned symmetric matrix of matrices Ai; of order k;Xk;

A At A
A= - “, 3.1)

| “Arm

where A= (@;—B;)I;-Fﬂ;E; for ;l:=1, s m, and Aij‘_-ﬂ{jE“ for 17'5j. Testing
the hypothesis that the vector mean of this multivariate normal population

is some specified vector, the information criterion leads us to a statistic which
is made up of a linear sum of F’s plus a Hotelling T*%, '

L Um) = X (ki — DFer,a-vo-n + T . (3.2)

=1 '
. !

where

m{n — 1) ‘ : |
T? = —————— Fnpnm 3.3)

n—m
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It is clear that when k=1 for i=1, - . - m, U(m)=T? Further U(m) is
asymptotically x; where k= > k; as n— o,

Again the computation of U(m) can be made from analysis of variance
tables of the type of Table 1 to compute the first mF’s, and T? can be computed

_from the m marginal means and the sample covariance structure among these

variables. .

The extension to g populations yields a statistic U,(m) , which is composed
of a linear sum of independent F’s of the type of Table 2 plus an independent
multivariate analysis of variance statistic 72 which tests the equality of the g
vector means each from a m-variate population.

4. APPLICATIONS

A. Some applications to mixed model analysis of variance situations will be
indicated. Here it is of interest to test the null hypothesis that all of the com-
ponents of the vector mean u of a multivariate normal variable z’ = (=1, 2, - - -,
;) are equal. If we assume the following covariance structure

2 2 2
01 0O1P1° " *01p1 O103p2

2 4.1)
1P .
A |
(51 T102pP2
U,’

i.e., k—1 variables have a uniform structure with the kth variable having a dif-
ferent variance but being equally correlated with the other k—1 variables.
We may make the following transformation zz—z;=y;j=1, - - - , k—1. Hence

V(y:’)=0':"'2p20'10'2+0': forj:l,...,k__l

Cov. (y,-y;) = 0: - 2p20’10’g + pld: for ¢ #]' (4.2)
E(y;) = m — ;.
. Therefore the variables y, « - -, ys-1 are multivariate normal with uniform
covariance structure (u); and Ey;=0, j=1, - - -, k—1if and only if s, = -

= . The test may thus be made on the null hypothesis that all of means of the
y’s are zero. This then is the case discussed in section 1, and the test statistic
U is distributed as »

U= (k—2)Fis,6-2 1) + Frn, (43)

which is computed from an analysis of variance table of the y’s, where all com-
ponents of the assumed vector mean are zero.

B. Here we assume that the covariance structure is of a general serial cor-
relation type
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(1 P P2 - Pr1)

SUNY R @

Cov. (zx;) = o*pjegi fore =3 } 4.5)
k .
’

V(@) = o? : i=1,-
Certain special cases are as follows:

1. Serial correlation case: p;;_j =p!" or p;= p
2. Circular serial correlation case:

Pt | .
m=‘—1—"_*—_7— 3=’11,"',k_2.,Pk—1=P1-
See T. W. Anderson {1, p. 218].

3. Successive correlation case: p1=p and p;=0,7=2, - - -, k—1. See Box [3]
or Kamat and Sathe [5] for references to this case. . ’

B;. Where k=3 so that z), 3, z; have means M1, B2, us We make the transforma-. -
tion y1==z3—2); y2=a3—2z: noting that ps—m=py—ps=0 if and only if m
=us=p;. Further , ‘ . \

V) = V) = 2041 = p), T @e

hence we are in the case (u): and the test statistic is the sum of two independent
F’s computed from an analysis of variance table on the y’s,

U =‘F1',,_1 + Fl,n_p‘ : ) ‘ ’ . (4.7)

B,. Where k=4 so that z,, zs, a:., z, have means m, 1, #3, w, We make the trans-
formatlon

t
NI=T1—Ts;, Ya=%Ta—T4; Y3=21— Ta+ T3 — %

noting that

‘ !
mi—p=pa—pa=p—pstps—p=0
if and only if . \

W1 = Mg = g = M4 \
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5. REMARKS

It is to be noted that in all the analysis of variance type situations, one could
have made & test for the hypothesis of equality of means even where the covari-
ance matrix was arbitrary. The details of such a test are given by T. W. Ander-
son [1, p. 110]. For example, when k=3, for the same transformation used in
this papér, one would get as a statistic T’—2(n —2)"Yn—1)Fy.n2. Actually the
two tests reflect the different methods that are appropriate in the bivariate case,
for testing whether a vector mean is equal to some specified vector. Assuming
that the two unkhown variances are unequal, and the covariance is arbitrary,
the test is Hotelling’s T?. However, on the supposition that the unknown

variances are equal, the test statistic involves a pooled estimate for the common
variance, and by section 1 turns out to be distributed as the sum of two mde—
pendent F ratios. N

The distribution of linear sums of independent F ratios, as well as other
methods for specific serially dependent sxtuatlons in the analysis of variance,
are being currently investigated.
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