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The variance of a characteristic in a random mating diploid popula,tion is partitioned into
two components, the genotypic variance and the environmental variance. The genotypic
variance is then separated into components which can be attributed to the additivelw 'renetlc
effects, the dominance deviations and the epistatic effects. The total er P '
subdivided into components arising from interactions amo 1g sets of 2, 3, R
interaction variance from a particular number ¢/ loci is shown to be composc ¢ 7 ¥
attributable in a certain sense to the interacti of additive and/or dominance ¢
genes. For example, the epistatic variance ari. g from two loci consists of three . . s
parts: additive-by-additive, additive-by-dominas 3e and dominance-by-dominance variance.
It is then shown that the covariances, and hence the correlations, between relatives which
are not inbred, can be expressed in terms of the componert~ £ vanotypic variance. The basic
result is that if 0% is a component of the genotypic variance, where X contains r additive
and s dominance effects, the covariance between two relatives with respect to o% is equal to

[(3) (3 + 6T [$611%

where ¢ and ¢! are easily calculated from the pedigree of the relatives.

INTRODUCTION

Numerous workers have examined the theoretical values for the correlations
between relatives since 1900. Pearson (1903) examined the very particular case
when there are two alleles with equal frequencies. Weinberg (1908, 190g) in 1908
examinedin some detail the more general case when the number of alleles is arbitrary.
Most of his work on alternative inheritance was concerned with the case when the
alleles were additive in their effects. He also appears to have made an attack on the
case when there is dominance in that he talks about ‘ Prevalenz’. His solution is not
at all general, and it does not appear to the present author that any claims can be
made that Weinberg obtained an exact solution.

The first exact solution with respect to an arbitrary number of alleles appears to
be that given by Fisher (1918). In this paper Fisher made an exact analysis with no
assumptions at all except those included generally under the term ‘random mating’,
i.e. no selection, no differential viability of genotypes, no maternal effects etc.

It is also worth noting that Fisher was the first to tackle in an exact manner the
question of epistacy, although he restricted consideration to what he termed ‘dual
epistacy’, thatis, interaction between pairs ofloci. Fisher also dealt with homogamy;
his treatment on this matter was approximate, first, in the mathematical sense in
that quantities of second and higher order were ignored and secondly, in that
epistacy was ignored. This work appears to be the only treatment in the literature
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104 0. Kempthorne

on the subject which allows for dominance and does not appear to have been
extended. Fisher’s application of his results to human data is questionable because
the correlations, parent-offspring and full-sib, which he took from Pearson & Lee
(1903), are in reality based on a mixture of at least two bodies of data and contain
both environmental and genotypic components. Also Fisher made an attack on the
influence of linkage showing that under his particular assumptions a pair of linked
loci behaved essentially as one locus with an appropriate number of alleles.

Wright (1921) in a series of papers examined the matter of correlations between
relatives by his method of path coefficients and obtained a large number of results
for the simple case when there is no dominance and no interaction between loci. The
method of path coefficients gave the correct result for this situation, but cannot
from its nature give the correct result in general. Thus the correlation between full
sibs with regard to dominance deviations was not discovered by Wright using the
method of path coefficients. N

Malécot (1948) gave an exact meaning to Wright’s coefficient ¥, which Wright
had labelled as the correlation between uniting gametes’ by distinguishing between
genes which are alike in state, as, for instance, two genes 4 and 4, and two genes
which are alike by descent because one of the two genes is an exact copy (excepting
mutation) of the other or the two genes are both exact copies of some one gene which
occurred prior to both in the ancestry. By synthesizing Wright’s notion of correla-
tion, modified to a probability and Fisher’s notions in his 1918 paper, Malécot
showed that the covariance of two individuals is equal to

P+ ¢') %+ dd'0d,

where o2, is the additively genetic variance, 0% is the dominance variance and ¢ and
¢’ are the coefficients of relation between the two individuals via their two loci.
Malécot’s treatment then provides a general answer for the case of random mating
when there is one locus with arbitrary dominances amongst the alleles, of which
there is an arbitrary number. The only restriction in Malécot’s work is that there is
no inbreeding, that is, there is zero probability of any individual possessing two
copies of the same gene in the original random mating population.

The purpose of the present paper is to demonstrate the completely general
partition of variance in a random mating population and to exhibit the covariances
of any two individuals with no inbreeding in the sense given above. The practical
utility of the results will not be discussed. The aim here is merely to record the
general complete mathematical solution for a mathematical population which is the
usual one considered. It would be nice to generalize the results to the case when
linkage occurs, but this will not be done herein.

BAasic DEFINITIONS

We have an arbitrary random mating population with n loci which will be
denoted by superfixes running from 1 to »n. At the ¢th locus it will be supposed that
there are m, alleles which will be denoted by A%, where j runs from 1 to m;. (In fact
the numbers m,; will never appear in the formula.) The gene frequency of the jth



¢

Correlation between relatives in a random mating population 105

allele at the ith locus will be denoted by p%. The array of genotypesin the population,
because of random mating, is equal to

11 (=pj g

This will be referred to as the genotypic array.*

In the idealized situation usually considered the observation on an individual
with a certain genotype, which is usually called the phenotypic value of the indi-
vidual, is made up additively of two parts: '

(1) The average of the possible phenotypic values for a genotype over a popula-
tion of environments; this is usually called the genotypic value of the genotype,
following Fisher (1918).1 * .

(2) An environmental deviation, which will have an average value of zero over
the population of possible environments.

As a rough and quick shorthand one may write

 P=G+E,
where the letters have an obvious connotation and @ and E are assumed to be
uncorrelated. Thus in this work, as indeed in all work in the area that the author

knows, genotype-environment interactions are assumed to be zero. We shall need
terms for the variances of P, @ and E, and the symbols 6%, 0% and 0%} will be used.

THE PARTITION OF VARIANCE

One method by which one may obtain the various components of variance is
a stepwise one. The additively genetic variance which will be denoted by ¢%1 may
be defined as that portion of the total variance in the phenotypic values which can
be attributed, in a least-squares sense, to the effects of the genes. If we have one
locus, for example, with genes 4,, 4,, 45, then 0% is equal to

o%k— min 3 p; DYy — oy — )2
(@1, 0, @2) 5,5’
In other words, ¢% is the sum of squares attributable to a regression on a known
linear function of unknown gene effects (see any statistical text (e.g. Kempthorne
1952, chap. 5)).

We may then define the variance attributed to loci by finding the sum of squares
attributable to a regression of genotypic values on a linear function of unknown loci
effects, one for each combination of alleles of each locus. This sum of squares we
might denote by 0% say, and we would then obtain the dominance variance o2, as

2 42 2
O'D—O'L“"O'A.

* Some people prefer the term zygotic array for this quantity.

t The author has heard criticisms of the use of this term for its present purpose. No one
appears, however, to have suggested any substitute.

1 The symbol 0% is frequently used to denote the variance of additively genetic values.
For obvious reasons it is desirable to have a symbol for the variance of genotypic values and
for the variance of additively genetic values. The use of the symbol ¢§ for additively genetic
variance can give the impression that this variance may be attributed to genotypes. Fisher
used the term genetic variance to characterize what we call here the additively genetic
variance.
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Finally, we would obtain the epistatic variance, 0%, by the equation
0% = ok —o.
In total then we would have, since G and E are uncorrelated,
0% = 0% +0%+0}+0%.

The above process is not only tedious but also obscures the basic fact that the
variance o% is partitionable and should be partitioned. Fisher’s (1918) work on dual
epistacy mentioned in the introduction was sufficient to show that certain com-
ponents of interaction or epistacy enter into covariances between relatives while
others do not.

The procedure which will be followed"is based very much on the derived models
in factorial experiments (see Kempthorne 1952, §17-3) and was used by Anderson
(1953) and Anderson & Kempthorne (1954) in a particular case when parents are
completely inbred. The procedure is very simple, and to illustrate to the non-
mathematically minded we shall first demonstrate its application to the case when
there is one locus and an arbitrary number of alleles, m say. We use the symbol
A, A, to denote both the genotype of an individual and the genotypic value of that
md1v1dual It will be clear which meaning is to be attached to the symbol, or the
meaning will be specified. The gene frequencies in this case will be denoted by p;.
Now we may write as an algebraic identity

m n m n m n
+ [A] - meAm] [Ak - EpnAn] (l)
m n
This is an algebraic identity in the symbols whatever interpretation we may care
to make of them. Now let us expand each of the four distinct terms on the right-hand

side of equation (1), regard all terms like 4,, 4, as genotypes and insert the genotypic
values in place of the genotypic symbols. Then we may write

A; Ay = pt o+ ot dyy, (2)

where A4, A, is now the genotypic value of the 4;4, genotype.

It is clear that u is the population mean and referring to Fisher’s work (1918,
1930, 1941) that o, and a; are the additive genetic values of the jth and kth alleles
and that d, is the dominance deviation. In fact

A = anA:iAn":u’

where 4, 4, is the genotypic value, and this is exactly the quantity Fisher derived.
The standa.rd relationships among the components on the right-hand side hold. For
instance, it is obvious that

ij &x; = ij[Aj— meAm] [anAn]
J 7 m n
= jEPanAjAn— > pmpnAmAn

=pu—p=0.
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7 If we consider a random gene in the population, the probability of its being 4, is p;,
so that expectation of the additively genetic value of the individual is

%‘:‘ Piprlay+og) =2 ?P;i“i’

-

which is zero. Also 3 p; P04 = (X p;oy)* = 0. Similarly, the expectation of d;;
ik i
is zero since 3 0;Pudp = O
ik

Also the additively genetic value of an individual is uncorrelated with its dominance
deviation because

Z,:cpjpk(“j‘f'“k)djk = 2jzkpjpk“jdjk = 2§pj“j{%pkdfk}
3 s
and %pkdﬂé = %pk(AjAk'—:u—“j_a’k)
=p+o;—pu—a;—0
=0,
We shall now use the standard symbol &(x) to denote the expectation or average
value of X. We have then
E(4;4,) =p
;) =0, &) =0, &(dy) =0,
and if we denote variances as follows
éa(AjAk":“)z = 0'%}"
&(c?) = }o%, sothat o% = 2Zp;a} (cf. Fisher (1918)),
E(dp) = 0b,
then 0% = 0% +od.
Now that the particular case has been exhibited the general development is
merely a matter of writing things down. We have the general identity

iI'IlAi..:Aii = _H1 (TP ALY (S ph AL+ A~ S ph AL (X 17, 45]
= i= m n m n
+[ S pi, AL (AL, — Sph AL+ 4%~ S ok AL [Af, - S oL AR]-
m n m n

We now expand this product, substitute the genotypic values in place of the
genotypes, make some identifications of terms to be described, and we get

n n id

IT A% A}, = p+ 3 (o +of) + S dfy+ T

i=1 i=1 i=1 3
1<?

x {00 g g0+ (00 )y oy (00 Y50+ (O g} + B A )50 10+ (000 Yy}
TP

i<’
+Z (@ @)y gonst @Ay s+ 2 (@ e +8{ 3 (@fofa¥)s 0}
'L<'» 'L<’L 1,1'<1 <1'@
+S{ 2 (“lald )h.‘h ’ 517 i, }+ S{ 2 (aldl av )fzh ' ki’ h"kt}
1,41 3,151
g’y i
i<t <y
+ Z (dzdld )ftkch ‘i’ 3y g +ete., (3)
3,4,

t<i’ <i’
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where ﬁ A%, A} is now the genotypic value,
i=1

p= II (294,451 (59} 4£] = mean of population,
i=1
= 45~ Zoh Anl [Zp0 43] TT [P AL, ml [Zpn A7)
= additive effect of gene 4% in the population,
B, = [Af— T 0} AL (4}, — S 0} A1) T1 [Z 95, 451 (3 pi; A
m n i+t m n
= dominance deviation due to genes 4%, A} in the population,
(a’iai’)j,'j;’ = [A},—' Z.p;hA:n] [2 p:LA?rIL] [A;:';’ - Zp:r’LA:):L],
(Zpnd7] 1T [ZpLAR1[Zpi A7)
n ik’ m n

= additive x additive deviation arising from gene 4} at locus i and
gene A%, at locus ¢/,

2 sgene = L4~ B AL (S04, AT 14, — S5, AL [4F, - Bk 4]
x II [Epm :',',][ZPZA%”]

i
= additive xdommance deviation arising from gene A%, at locus i,
and genes 4%, Af, at locus ¢’,

(didi,)jikiji'ki' = [A-j.' - prn m] [Ak, - Zp;tzA:z] [Ai"' - Zp;:rlr, Agr'n] [A};;’ -2 p;b'z’ A%]
m n n
x 11 [me ) (207 A7]

ikl m
= dominance x dominance deviation arising from genes A} o AL, at
locus ¢ and genes 4%, A% at locus ¢’

(efofat”),. ;. 5.0 = additive x additive x additive deviation arlsmg from genes A%, at
locus 1, A’ at locus ¢/, and Aj,, at locus 2", ete.

and § denotes summation of all possible terms of the particular type, obtained by
replacing any j subscript which does not occur Wlth its corresponding % subscript
by the corresponding % subscript.

Thus the genotypic value of an individual is made up of the following parts:
(1) the general mean,
(2) the sum of 2 additive gene effects,
(3) the sum of » dominance deviations,
(4) the sum of 2n(n — 1) additive x additive interaction deviations,

(5) the sum of 2n(n — 1) additive x dominance interaction deviations,
-1 . _
(6) the sum of n(nT) dominance x dominance interaction deviations,

8n(n—1)(n—2)

(7) the sum of 5

deviations,

additive x additive x additive interaction
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7/ - -2 .
(8) the sum of 12n(n ;) (n=2) additive x additive x dominance interaction
deviations,
-1)(n—2 . . . . .
(9) the sum of fm—é)—(ﬁ—) additive x dominance x dominance interaction

deviations,

(10) the sum of w dominance x dominance x dominance interaction

deviations,
and so on.

So far we have labelled terms as being additive effects or dominance deviations
ete. without justifying the terminology. This we now proceed to do. The basic point
is that there exists an orthogonality like that which arises in the design of experi-
ments. First it is easily seen that the expectation of any term apart from p is equal
to zero; for example

&(af) = S pia]
i
= Zpjld;— Zph L] [ ph AL] T (Sph, A5)2
j m n Pt
= (Zpj4)) — (B A2 ph AL T1 (Eph, A%,
m n %1

=0,

Every term is of the form of a product of quantities like
(45— pi4%]
m
n
/{ere ¢ and ¢ take values from 1 to n. The probability of a term containing a
quantity like [4%— X pf, 4%] is just p, so that when we multiply terms by their
m
probabilities and sum we get quantities ocourring like
2pjAi-Xph AL
i m

Whatever such a term is multiplied by and genotypic values inserted we shall get
zero as a result. Hence we have all the possible relationships of the form

éa(a;'-) = O, éa(a;'-k) b O, éa(aiail)jjr = O,

i ik i

& (a'd¥); ;4o =0 andsoon.
jorj’ork ‘
Exactly the same reasoning may be followed to see that the terms in the equation
or model (3) are uncorrelated. For example:
& atol), AT, 0 0] = & [(fa¥),... & (did), . ...,
ik des ki'[( )hjl] [( )J'ikt.’h kl] jc,j;'[( )]'zh Y, B ( ).’hkz.’l't kg ]
= 0.
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Finally, to obtain the partition of genotypic variance we make the following
symbolism:

& (S = Jo%
& (S dhal) = 0%,

&L 3 [(@ad); ;18 = 1o,
i
&{ 2 [(“idi’)jijyky]z} = $0%p,
&
& { Z [(didi,)jikiji'kq;']z} = 0}p,
e
é{){ . Z-, [(aiailai”)jiji’ji"]2} = %UzAAA’
LVl, T
i<t
and so on. Because of the orthogonality the variance of the sum of the items in the
model (3) is equal to the sum of the variances of the items. A step-by-step procedure
of evaluating the additive variance, the dominance variance, the additive-by-
additive variance, the additive-by-dominance variance and so on, will merely pick

off in order the variances of the successive items.
We then have

04 =0%+0h+0%  +04p+0op+ 0% at0iip+oipp+ohpptete, (4)

where a variance like 0% , ,5p, for instance, is the variance due to interactions
between 5 loci, the interactions being of the type

additive x additive x additive x dominance x dominance.

THE CORRELATIONS BETWEEN RELATIVES

We shall now develop a relationship for the covariance between two relatives
with an arbitrary degree of relationship. There will be two restrictions on the
development: (1) we shall suppose that there is no linkage and (2) we shall suppose
that the relatives under consideration are not inbred, that is, there is zero probability
that the two alleles of an individual at a particular locus are direct copies (apart
from mutation) of any gene at the head of the joint ancestry of the two relatives.

Actually each of the two relatives is a random member from particular popula-
tions, and the first step is to develop a representation of the two populations, say
I and II. For definiteness we may suppose that the two populations are related
through both their sires and their dams. The gametic arrays of the sires will be
supposed to be related and, apart from random population gametes, for both
populations will be derived for each locus from a set of say ‘a’ original genes, say
A% (j=1,2,...,a), where A}; are a random set of the genes in the whole popula-
tion. Likewise the gametic arrays for the dams will be derived from a set of ‘b’
original genes say A%, (k= 1,2,...,b), where again A%, are a random set of genes
from the population. We use Pj; for the probability that gene A, is on the gamete
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contributed by the sire to population I and similarly we define PI}, PL, and P,

83?2
Hence the genotypic arrays of the two populations may be expressed as follows:

Population I:
f1 [ 5 Paty+ (1- £ 7) (5 Pan)|[ 3 Phdia+ (1- 3 PL) prap];

i=1

Population II:

1] &P+ (L5 P8) o Pan)|[ 3 Plhdi+ (1- £ PR) e piap)].
i=1 = k=1 n
To obtain the covariance of the two populations we have to expand each genotypic
array, substitute for each genotype its genotypic value, take the product of the
resulting expressions, find its expectation and finally subtract 42, where u is the
population mean.

~ This process is aided by noting that the genotypic value of

n 3y 3
il;IIA%A%i
can be written formally as fIl (I+a%) T+od;),

in which after expansion treating the ‘I’ as unity, ‘I’ is replaced by u, terms like
ks, of, are left alone, a term like af; oc,m is replaced by df;., a term like ok o, is
replaced by (aa?);, ., & term like oc”“i o ok o ok is Teplaced by (diafd? Viskise dsriesrs
and so on.

Hence the array of genotypic values of population I may be written formally as

f1[ 3 P5raty+ (1- £ P5) S oh+ah]

i=1
. b . .
v [ zPak(I+aak>+(1— ZPak) %t (1+a;,)],
k=1 k=1 n

with a similar expression for population II. This may be simplified further by noting

that we may replace 3, p,(I + o) by unity wherever it oceurs because 3 P, = land
m m

pLai = 0. Hence in its simplest formal expression the array of genotypic values
in population I is

i{p Py+od)+ (1- £ P1) 1| £ P

i=1 )

C+ah)+(1- S PL)T], )

with a similar expression for population II. We now have to form the product of
these two arrays and take expectations over the af; and af;. The terms involving
I only clearly give u®. The terms involving «f; alone and «f; alone from each
population are

b )
Z Z Z P “dk) (’E Pl I“’j +k§1P£zIk“fzk) ,
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and since the 4%; and A%, are random members we have

s[(Zes)]-€[(2 i) | = 4%

and all different terms are uncorrelated. Hence the covariance of the two populations
with respect to 0% is equal to

a b 2
(£ Pap5)+ (3 P5ri)| -
j=1 ) k=1

With respect to dominance deviations we get

a b a b
T X PGP gkdz(sj)(dk')] [ > 3 PHPG dqfsj)(dk')] ; >
i =1k=1 j=1 k=1
which since &3 (d¥,;,)%] = 0%, and otherwise the expectation of a product of two
< ;
d’s is zero, gives a b
(2, 2 PuPaPiPE) b

a b
or (£ 7578) (2 75PH) b

j=1 k=1
Tt should be noted that the results so far are exactly those given by Malécot (1948,
p. 24), although his derivation applies to the case of one locus. Malécot’s notation

ig as follows: a
$=3 P P,
.7 =

b
¢ = T Pu P,
k=1 "
so that with respect to within-locus effects the covariance is equal to
’ O'?A =]
(p+¢") 2+ b0,

We could expand equation (5) to evaluate the contribution of the other variances,
but it is simpler to use the following argument. The quantities ¢ and ¢’ determine
the whole of the covariance between the populations because the covariance
between two individuals with respect to any term in the model, i.e. involving an
arbitrary number of loci, is zero unless the two individuals have exactly the same
genes from the original set leading to the relationship at each of the loci. Now ¢ is
the probability that the individuals will receive the same gene by way of the sire
and ¢’ is the probability that they will receive the same gene by way of the dam at
any one locus. Consider an interaction which involves the additive deviations at
rloci and the dominance deviations at s loci. In the case of the dominance deviations,
the contribution will be zero unless the two individuals have received the same gene
by way of the sires and the same gene by way of the dams at each of the loci, and the
probability of this is (¢¢')%. In the case of additive deviations, theadditive deviations
can be the same by way of the sire and/or by way of the dam at each locus, so that
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we obtain as the probability (¢ + ¢')". Finally, the expectation of such a term added
over all possible distinct sets of r and s loci is El; 0%, where X contains r A’s and s D’s.

Hence, the covariance with regard to this interaction variance is
1 14 1
$+97 697 (5) o%

Thus, for example, the covariance with regard to the simplest interaction terms
are as follows: '

term involving coefficient
44 1) (p+9¢)?
AD (3) (9 +¢") ¢¢’
DD P22
AAdA (}) (@+¢)
AAD D) (2+9) (69
ADD (3) (9 +¢) (9"
DDD (¢'¢")®

It may be noted that the results with respect to two-loci interactions for simple
degrees of relationship were obtained by Fisher (1918), in that the covariance
between parent and offspring contains } of a part of the variance from dual
epistacy, and it is easily verified that this part of the variance is what is here called
the additive x additive variance. This result was verified by Cockerham (1952).
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