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TRe—LA GENERAL DISTRIBUTION THEORY FOR A CLASS OF
LIKELIHOOD CRITERIA '

_ By G. E. P. BOX
Imperial Chemical fndustries, Dyestuffs Division H eadquarters, Blackley, Manchester

1. INTRODUCTION

The likelihood ratio method of Neyman & Pearson (1928) has been used by many different
workers for the derivation of criteria appropriate for the testing of a large variety of hypo- -
theses. Plackett (1946), in a recent survey of literature on testing the equality of variances
and covariances, lists, on this problem alone, criteria for the testing of no less than thirty-one
hypotheses investigated at different times by workers in this field. Most of the criteria either
have been or can be arrived at by the likelihood ratio method. In the preface to his survey
Plackett says: ‘Generally speaking the difficulties in testing such hypotheses lie not so much
in deriving criteria—but in finding their exact distributions when the hypotheses are true
and determining the best critical region to adopt.’ : o

Although in many cases the exact distributions cannot be obtained in a form which is of.
practical use, it is usually possible to obtain the moments, and these may be used to obtain
approximations. In some cases, for instance, a suitable power of the likelihood statistic has
been found to be distributed approximately in the type I form, and good approximations
have been obtained by equating the moments of the likelihood statistic to this curve. For
example, in the original paper on the L, test for homogeneity of variances, Nevman &

~ Pearson (1931) suggested that the distribution could be approximately represented in this
way, and later Bishop & Nair (1939) showed that the significance points obtained by Nayer
(1936), using this method, were in excellent agreement with the true values. The fitting of
the type I curve is simple once the moments are obtained, but these moments, being the
products of Ifunctions, are usually rather troublesome to calculate. To overcome this
difficulty, Bishop (1939), working on the distribution of the multivariate equivalent of the
L, test (the test for constancy of variances and covariances in k p-variate samples),
derived empirical expressions for the parameters of the appropriate type I curve, thus
avoiding the troublesome intermediate step of calculating moments. Bishop mentions that
Nair succeeded in finding similar expressions on a theoretical basis, and Tukey & Wilks (1946)
give a more general theoretical method to find approximations of this kind.

A different line of approach was adopted by Bartlett (1937 ). Neyman & Pearson had
pointed out in their original paper that, if N' is the total sample size, — N’ log, L, would be
asymptotically distributed as y2. From considerations of sufficiency Bartlett obtained what
was in effect a modified form (which, following Hartley & Pearson (1946), we shall call M)
of this logarithmic statistic. From the moments of the modified likelihood statistic he was
able to develop a scale factor C, which was related to the effective sizes of samples and which
approached the value unity as the sample sizes became large. The distribution of 3/ /C was
then very well represented by x2 even when the samples were small. Bartlett later (1938)
used the same method to obtain an approximation for the test of significance in multivariate
analysis. In 1940 Hartley, starting from the moments of the modified likelihood statistic,
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obtained an asymptotic series of x? integrals for the logarithmic statistic M which agreed
very closely with the exact distribution. In 1941 Wald & Brookner, investigating an entirely
different problem, the distribution of Wilks’s statistic for testing independence of k sets of
variates, again starting from the moments of the likelihood statistic A, eventually obtained
an expression for the distribution of a logarithmic statistic (a negative multiple of log, A)
in the form of an asymptotic X2 series. This was later modified by Rdo (1948) in the impcrtant
special case of two groups, when it corresponds to the test of significance in multivariate
analysis previously referred to. Neither Wald & Brooknerjnor Rao investigated the accuracy
of these series.

It is possible therefore to distinguish two definite lines of approach, which have been used
in certain cases where the moments of the likelihood criteria are known but the exact dis-
tributions are not. On the one hand the moments have been used to fit the Pearson-type curve.
This usually gives an adequate approximation, but owing to the amount of labour involved
in the calculation of the moments it would not be attractive for routine significance testing
unless methods such as Bishop’s could ‘be used to obtain the parameters of the fitted curve
directly, or the results from the method could be tabled. On the other hand, the general
expression for the moments of the likelihood statistic has been used in certain cases to obtain
for the distribution of the logarithmic statistic M » & X* approximation and an asymptotic
X? series. It will be the object of the present paper to investigate in some detail this second

line of attack. :

The method will be investigated in particular for two general criteria:

(1) The test of constancy of variance and covariance of k sets of p-variate samples. This

includes, as an important special case when P = 1, the test for constancy of variance in k
samples. ‘

(2) Wilks’s test for the independence of & sets of residuals, the /th set having p, variates. . :

When & = 2 this corresponds to the test of significance used in multivariate regression and
analysis of variance and covariance, and when % = 9 and p, or p, is unity, it gives the
corresponding well-known univariate tests. In the latter case, of course, the exact distri-
butions are known. -

We shall refer to these two criteria as generalized tests for homoscedasticity and independ-
ence, respectively. The assumption of normality or multinormality for the distributions of
the original observations will be made throughout this paper. ’

Taking for our test function 3, a negative multiple of the natural logarithm of the like-

lihood statistic (or some modification of it), we shall obtain in each case,

(2) a series solution which, we shall demonstrate, agrees very closely with the exact
distribution, : o

(b) an approximate solution using a single x2 distribution,

(¢c) arather better approximation using a single F distribution.

The accuracy of the various methods and the relation of the results to those of other
workers will be discussed. '

2. TuE GENERALIZED TEST OF HOMOSCEDASTICITY

The univariate statistic. The L, statistic of Neyman & Pearson for testing the homogeneity -

of a set of variances, takes the form of the ratio of a weighted geometric mean of variances
to a weighted arithmetic mean, where the weights are the sample numbers. Welch (1935,

N
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- 1936) generalized the test to cover the case when residuals from a fitted regression equation
were tested for homoscedasticity, and derived the moments for a modified criterion in which
the weights could have any values whatever. In 1936 Nayer tabled the a,pprbximate signi-
ficance points for L, in the cases of equal sample numbers by fitting type I curves to the
distributions by the method of moments, as suggested in the original memoir by Neyman &
Pearson. ‘

The statistic proposed by Bartlett (1937) which we shall call M is given by

M = Nlog,s— 3 vlog,s,
i

where : ‘ s = (Zv,;8)/N,.
and s; is the usual unbiased estimate of the variande in the lth group,l=1,2,..., k, based on
sums of squares having v, degrees of freedom, and N = Zy;. It was later shown (Brown, 1939:
- Pitman, 1939; Bishop & Nair, 1 939) that this criterion is unbiased in the sense used by Neyman
& Pearson (1936, 1938). Nair (1939) derived a series solution for the distribution of the like-
lihood statistic in the case of equal sample numbers; his solution is very involved, but has
been used as a standard to check approximations. Bishop & Nair (1939) used this series to
check the accuracy of the type I approximation used in Nayer’s table. They also checked the
Bartlett (1937) approximation and found that both iethods were fairly good except whenthe
degrees of freedom were small. In the case of unequal samples, however, Nayer’s tables were
not available, and in view of the labour involved in the type I fit, the Y2 method of Bartlett’s
was preferred. :

Hartley’s (1940) asymptotic series depended to the degree of approximation used, on two
parameters ¢, and ¢; which varied with the effective sample size and relative composition of
the groups )

1 gl 1
N TR

The first is related to Bartlett’s scale factor C, in fact

1
{

¢y

C= 1+3(k—-1)'

Tables were afterwards computed by Thompson & Merrington (1946) from Hartlex’s for-
mula, and comparisons were made with the values calculated by Bishop & Nair.

The multivariate statistic. In the multivariate case Wilks ( 1932) derived the likelihood ratio
test and obtained the moments of the criterion, which is a generalized form of that used in
the univariate test, the determinants of estimated variances and covariances replacing the
variances. Bishop (1939) took as his criterion 7, the 1 [/N’th power of the likelihood statistic,
N’ being the total number of observations. He gave reasons for believing that this criterion
could be approximately represented by a type I curve

p(ly) = constant Ju1(1 - L,ym-1, (1)

by choosing the value of m, and My 50 that the first two moments of the Pearson curve agreed
with thoseof the criterion. His arguments were supported by the agreement found inanumber
of trials between the higher moments of the fitted type I curve and those of the criterion.
Only in the case of two groups and either one or two variates was it possible to obtain a check
against the exact distribution, but in these cases the agreement was very good. Unfortunately
the labour involved in the calculation of the first two moments of the criterion was too
Biometrika 36 : : 21
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grea,t to allow this method to be recommended for routine use. B1shop therefore proceeded :
as follows: :

(a) For the case of equal sample sizes he obtained, empirically, expressions for m, and m,
in terms of the number of observations n in each group, the number of variates p, and the
number of groups k :

my = k(n—p)—0-01(k~1) (90— 39p + 9p2),}
my = 0-25(k—1) p(p+1).

(b) For unequal sample sizes he proposed approximating to — 2N’ log,l; by means of
a x? distribution using a scale factor G in a similar way to that adopted by Bartlett in the
univariate case.

He showed that —2N'log,l, is approximately distributed as Gx?, where

@)

Ik »
G = 1+-|: Y X %20+ 1/ (n— 1)+ ny/3(n,—5)%}
LS <

- f; (ki 1Y2N + (b= 1))V — -+ 1—i) + N'[3(N' — o+ 1-i)2}].

n, is the number of observations in the Ith group, Zn, N’ and x2 is distributed with

f=3k—-1)p(p+1) degrees of freedom.

We shall refer to these methods as Bishop’s methods (@) and (b). Bishop remarks that the
scale factor G is rather troublesome to calculate unless n; = n. George (1945) was able to .
evaluate the exact distribution in a number of simple cases. She used her results to test the
accuracy of Bishop’s a,pprox1mat1ons and found, in the cases she considered, that (b) was
superior to (a).

Plackett (1947) suggested that in view of the unsatisfactory p031t10n with regard to the
. distribution of this criterion that it might be better to abandon it in favour of an alternative
test derived by him which had the advantage that at least when p = 1 or 2, and for certain
other special cases, the exact distribution was known. Plackett’s test, however, has the

disadvantages that the results depend on the particular arrangement of observations chosen,
and that the samples must be of equal sizes.

2-1. The present approach
Suppose s, is the usual unbiased estimate of the variance or covariance 4% between the
ith and jth variable in the lth sample based on sums of squares and products having v, degrees
of freedom, and suppose there are £ such samples and s;; is the average variance or covariance
(Z v Siﬂ) / N, where N = 3 v, We take as our criterion a generalized form of Bartlett’s
[ 7

criterion M = Nlog,|s; |~ 3 (vlog, | s ) (4)
1

k(] 8o [V
= —Nlog,L;, where L.= H {l;ﬂl} . (5)
(7} -
When the degrees of freedom are equal, M and L] are related with Bishop’s /; as follows:
) M=—2Nlog,l, and L=1I. (6)

When the degrees of freedom are unequal, L] will differ from the likelihood statistic in
weighting. When p = 1, M is the criterion derived by Bartlett and later used by Hartley.
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We proceed to obtain the moments of L] when the null hypothesis is true. If ¢; are the
sums of squares and products based on v, degrees of freedom corresponding to the s;;;, we have
Cijt = ViSijp, Cyy = Ny, 80 that oy = 2 ¢y~ The joint proba.blhty density. of the Ciit for the lth

sample is given by the distribution dlscovered by Wishart (1928)

P(Caaps Caaps -+ pm) = K@) | ey l*‘"‘“”“*’exp{—%E‘Amcm}; - (7
: : i ) :
-1 g .
where : {K (Vz)}'l = 2409 ﬂmp_l)pn F(u) | 4], . (8)

and 4, is the matrix of the Am, the inverse of the matrix of the A% ‘
When the null hypothesis is true, 4; is the same for each of the samples A4,=A.
I=1,2,...,k, and the gth moment of | c;; | is

K
Ll_'[l {K (V) | ¢4 [P~V | ¢y |7 exp (— 3 % A, ciﬂ)} dcyyydygy - oo Bepprs (9)
it is also given by
fK(N) | ig |[¥V-2-D | ¢y |[9exp { -3 Zj Aijc,-j} deyydeg, ... dey,. (10)
L

Writing »(1 + 2h) for v; on both sides of the identity and then taking g = — Nk and in-
tegrating over the whole space for whlch the matrices of the c;, c,; are positive definite, we

have
| it | E{v(1+2h)}] _ K{N(1+2h)}
¢ H{I"u'}] 1 ) 5 (1)
k v
Thetis Sy = sy = S I | e G 12

_ ok (E)hv,ppﬁl[ rgwv—gy  * T +2h) _j)}:l. (13)

=1\ T{H(N(1+2h)—j)}i=1 T3 (vi—g)}

We have first proved equation (13) as an analytic identity for real ; it will, however, be /
generally valid in the range where the functions are analytic. We can thus obtain an expression
for the characteristic function of pM, where p is a constant <1 at our choice, by replacing
h by —itp in the above expression. The reason for introducing the constant p will appear
later. Further, if we write N = vk (i.e. v is the average of the degrees of freedom) and define
new quantities g, 4, 8, f; by the relations

j=0

p=pv, p=pv, v=p+p, vi=m+p, ' (14)

we obtain the characteristic function of pM in the form

ok kyt ~itpu; p—1" D4 kp+ kB -5} kT3l —2it) + B, —35}]
o(t) = H(M) =0 LT[R {kp(1 = 2it) + kA —g}i=1 T+ pi—3)] ] (15)

and takmg loganthms we have the cumulant generating function in the form

¥(t) = g(t)—9(0), _ (16)
ko kp\ »2ik ) )
where g(t) = — z§1 ity plog (E) + j§0 I:l_z_]l{log T3{p(1 —2it) + B — 531}

~log P[a{hu(1 ~2it)+ k831 | (17

21-2
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i sk A

and g(0) is a constant ihdependent of ¢ obtained by putting ¢ = 0 in the above expression.

Now Barnes (1899) was able to generalize Stirling’s theorem, and he showed that for all z,
real or complex, log I'(x + k) may be expanded in an asymptotic series:

log [z +h) =logJ(2m)+ (x+h—3})logx —x— i‘, (—1) r(rr-tlii)br)v’ + R, .1(2), (18)

where R, () is a remainder term such that | R, (z) | < N m| 6 is some constant independent of

z a.nd B, (k) is the Bernoulli polynomial of degree r and order unity defined by

. _ TelT
' e —

Expanding each of the Ifunctions in this manner we obta.in

,=oﬁB'(h)' ' (19)

W) = Q—g(0)—H(k— 1)p(p+1)log(1—2u>+z '(1 %)+ Rusa(t 8)y  (20)

where @ does not contain ¢ and is given by

Q= pk— 1)1c>g2 +Z [é‘]l{v, Pt }log {kv 2 }log l"zﬁ]’ (21)
fi=i ]
= S 2 [5 Bm(l_ﬁ)*Bm( - J)] (22)

i=1 4 wk

and R, ,(u,1) is defined by (17) and (18).
From (20) we have

o(t) = K(1 - 2u)—if z %o (1—2it)~ + R} 41(s, ) (23)

where K = exp {@—g(0)},f = }k—1)p(p+ 1) and a, is the coefficient of #—?in the expansion
of exp { > a, ,u”}
The proba.blhty density function of pM is then given by

‘ + : )
plpM) = o f ety a | (24)

= K'Y 2p(xt,a,) + B pali, 0). (25)
v=0/4

The probability that a given value M, of the criterion is exceeded is therefore

Pr.{M> M) = Kz vP,+2,,+Rn+1<;a,t), . (26)

where Bs =f (X3 120) dX2, . (27)
pM

Ry (e t)=%]1 f " emiom 3, "(1 — 2i8)~HI+29) (¢Rnsstuad — 1) di d(p M)
pMed —

v=0M4

~ and p(x%,s,) is the probability density function of the x? distribution with f+ 2v degrees of
freedom. For all sufficiently la.rge values of g, R, (4,t) tends to zero and the required
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probability will be given with sufficient accuracy by taking a suitable number of terms of
. the series in (26). Putting ¢ = 0 in (20) we have

Q—g(0) = —{g: (f7) + Ryt 0>}. (28)

It is found in practice that by taking a few terms of the series (even in difficult cases usually
not more than six), exp ( —Za,/4,) is so close to exp {Q —g(0)} = K that direct calculation of
. that constant is unnecessary.

If we expand @ —g(0) as well as g(¢) we obtain instead of (20)

o) = ~iflog -2+ 3 (Ba-2in -1+ R Bann, 0. (20)
=
Proceeding as before we obtain
Pr.{M > M} = Pr+ay(Fra—F) 10

{%(Efﬂ F) + (Pf+4 2F,,+F) } 1/p® + ete. (30)

Thus we may use a suitable number of terms of either of the series given in (26) or (30) to
obtain the probability of the criterion exceeding a given value. Formula (26) has been used
in this paper, (30) being rather unwieldy if a large number of terms have to be taken.

It should be noted that in the derivation we have used two series, first the asymptotic
series for the expansion of the I'“functions, and then the exponential series. In any particular
case we have to decide how many terms we need in the asymptotic series to give a sufficiently
close representation of the function and then how many terms we shall use in the exponential
series. In those cases investigated here, six terms of the exponential series have nearly
always proved adequate as judged bi"the closeness of agreement between Za, /u” and g(0) — Q
independently calculated; often fewer terms were necessary, terms in higher powers of 1/u
. having negligible effect. In the case of the exponential series the number of terms necessary

n
- to represent adequately exp ¥ a,/u” is usually not more than eight, but has sometimes been
\ . :

as many as fourteen. It is mainly in order to keep the number of terms required at this stage
within manageable limits that the scale factor p is introduced, since by suitable choice of
this constant, the values of the &’s can be kept small and the number of terms required in the
exponential series is consequently less. We see that in effect we are fitting a 2 series to the
statistic M by arranging that, to the order of accuracy chosen in the asymptotic series, the
series will have all its cumulants identical with those of M. Before we consider the problem
of choosing a suitable value for p, we shall derive an expression for the a’s and hence the a’s
in a form which is more suitable for computation.

2:2. Determination of the &’s in a form suitable for calculation

From the well-known properties of Bernoulli polynomials (see, for example, Milne-
Thomson, 1933), we may write the symbolic equality

B,(x+y)=(B+z+yY, (31)
where, after expansion, each index of B is to be replaced by the corresponding suffix. Whence

Ba(BE) - (T (E) T R(R). | (32)




G. E. P. Box ' . 323
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-
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Also if P(z) is a polynomial in  and P’(x) is the differential coefficient of P(x) Witﬁ respect
to z,

p—-1 .
3, P'(x)+ P(B+p) - P(B) (33)
Thus if P'(j) = Bs(:2—7),
| P(j) = =2 By 2 tant L 34
\ (4) = =57 Benn| 5 ) + constant, (34) .
ol (mi\ L =2 _B+p| B :
== _2TP_ e
and pA B’( 2 )*s+1[Bs+1{ 2 } B 3“{ 2}] - 35
If we denote the expression in square brackets by d,, we obtain from (32) and (35) -
-1 k E r+l /e 1\ 1 r+l-8 . -
1§o 1‘2:'1 B’,'H( ) A 1§1 Eo ( 8 )s +1 (2 %o ) (36) .
and in a similar way we find _
p—1 kﬂ 7 r+1 r+1 kr+1—s '3 r+l--s
Sn ) E T o

Whence from (22) we obta,m «, as a polynomial of degree rin f

-1y r+1
= D D (1) T @
where D, = 8,7y,
Sy = Bs+1{ - 'Bi‘;'-—g} - Bs+1{ "-'g} ’ (39)
: 1k (p\-t 1 NS
and w5 E 0
It is interesting to note the relation between these quantities and thec’s defined by Hartley; if .
Cg = ;%—l—é‘;, Ve = k1, (41)
In the special case when the samples have equal degrees of freedom
vs=1-1/k.
The values for J, for s = 0, 1, ..., 7, found from equation (39), are given below:
8,
-ip, .
1p(p+1),
- 150(2p°+3p—1), ,
Tp(p-1)(p+1)(p+2), RO )

—1hsp(6pt + 15p° — 10p® —30p + 3),
hep(p-1)(p+1) (2 +2) (2p*+2p-T),

— ke p(6p° +21p% — 21p* — 105p3 + 21p2 + 147p — 5), _
Tesp(p- 1) (p+1) (9 +2) (3p* + 6p* — 23p® — 26p + 62),

S O R WD O ®
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and the values for the first six «’s from equation (38) are

a; = —3k{3D, 5+ 2Dy},
ay = 3k{3D,f%+4D, [+ 2Dy},

ay = —gk{5D, 3+ 10D, 2+ 10D, S+ 4D},

ay=  gok{15D, 44+ 40D, 4%+ 60D, 52+ 48D, 8+ 16D},

ag = —1hgk{21D, £5+ 70D, £ + 140D, 3+ 168D, f2+ 112D 8 + 32D},

og = Z5k{1D, 5%+ 28D,f85+ 10Dy 4+ 112D, f°+ 112D % + 64D, B+ 16D,}.

-
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2:3. Choice of the value of p o 1 i

In order that the series should be of practical utility, it must be possible to represent
exp {Za, 4~"(1 — 2it)~"} adequately by a reasonable number of terms of the exponential series;
this can be done only if the coefficients « are fairly small. In the univariate case; these
coefficients will be small even if p =1, and in fact if we put p = 1 and P = 1 in equation (26)
the series we obtain corresponds exactly with that found by Hartley (1940) using rather a
different method of approach. The accuracy of Hartley’s series, using only three terms in the
asymptotic series, was demonstrated (Hartley & Pearson, 1946) by comparison with the
significance levels obtained from Nair’s exact expansion; the agreement obtained was good
even when the degrees of freedom were as low as three. In the multivariate case, a much more
satisfactory series can be obtained if p is less than unity.

A typical set of curves showing the values of o fp, caf?, ..., ag/us, and the closeness of

6 : :
agreement between @ —g(0) and — 3 o, /u” for varying values of p, are plotted in the figure
r=1

for the case p = 5, k = 5, v = 9. The curves all have minima or cross the zero line between’
p = 0-7and p = 0-8. The value of p which makes @, zero is p = 0-76296.

In the calculations carried out here, p was chosen so that ; = 0,since this not only resulted
in the other coefficients being small, but the absence of &y, made the calculation of the a’s o
much easier. Putting a; = 0 we obtain : ’
_(2p*+38p—-1) (2 1 1)

R F Yy vy v R

(44)
2-4. Example of a calculation using the series

To check his two working approximations (a)and (), Bishop used as a standard of reference
the values obtained by exact fitting of type I curves to the first two moments of the criterion
L. Inthe case p = 4, k = 5, v = 9 Bishop found for the 5 % point a value corresponding to
M = 70-281. ' ,

To obtain from the series the probability associated with this value, we calculate

f=40, p=10808,889, pM =56849,5, u=pv=1728,

r(=v) ot/ pm ayf 1" Pyiay

0 — 1-000,000 0-040,742
1 0-000,000 0-000,000 —
2 0-143,702 0-143,702 0-092,597
3 0-003,675 0-003,675 0-131,138
4 0-001,793 0-012,118 0-178,763
5 0-000,094 0-000,622 0-235,161
6 0-000,032 0-000,791 0-304,909,
7 — 0-000,059 0-369,563
8 —_ 0-000,044 0-446,178

6 - 8 —

2 a/ut 0-149,296 §a,//u» 1-161,011

1 v

8
9(0)—Q 0-149,305 exp (T a,/u'} 1-161,016
1

Difference 0-000,009 Difference 0-000,005

6
K = exp {Q —g(0)} = 0-861,306, exp{—Za,/,u'} =0-861,314
1

Pr.{M >70-281} = KZ{a,/u%} F,,,, = 0-0492.
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Toillustrate the a.ccuraéy with which the asymptotic series represents the function, indepen-
dent calculations of g(0)— @ have been made. As has already been indicated, however, in
practice this rather laborious calculation would not be necessary, K being taken as

- exp{~Zau}
' 2:5. Some comparisons between the series and the exact distribution

For thecases p = 1,k = 2 and p = 2, k = 2, the exact distribution is known for all values
of v; for p = 1 the criterion will simply be a function of the variance ratio, and when p = 2
the exact distribution has been found by Pearson & Wilks (1933). Table 1 enables the pro-
‘babilities obtained from these exact distributions to be compared with those found using the
series with scale factor p and up to four terms in the asymptotic and exponential series,
higher terms having negligible effect. The table shows the values of M corresponding to the
5% and 1% points obtained by Bishop by fitting a type I curve to the first two moments of Z,.
The exact probabilities corresponding to these points and those obtained using the series

~ are shown below the values of M.

Table 1. Comparison of the series with the exact distribution

y=9 v=27 v="79

p=1 5% point (type I) 40499 3-9042 3-8794
k=2 Probability : exact 0-05005 0-05009 0-05002
series -~ 0-05005 0-05009 0-05003

19, point (type I) 6-9902 6-7461 6-6991
Probability: exact 0-00998 0-01001 0-01002
series 0-00998 0-01001 0-01002

p=2 5% point (type I) 8-8801 8-1191 §8-0018
k=2 Probability: exact - 0-05005 0-04997 0-04979
series 0-05005 0-04997 0-04979

19, point (type I) 12-8969 11-7844 11-6074
Probability : exact 0-00999 0-01000 0-00997
series 0-00999 0-01000 0-00997

The agreement between the series and the exact values is remarkably good, the series
giving five-decimal accuracy in almost every case tested. The more difficult cases, howerver,
-are those where p and k are larger, especially when v is small. For these, the closeness with
which Zo,/u" approaches g(0)—@ -and the adequacy, when p is suitably chosen, of the
exponential series as judged by the comparison of exp {Z(,/s")} and Z(a,/u®), support
belief in the accuracy of this solution. For example, the case p = 4, k = 5 which we have used
to illustrate the calculation of probabilities from the series, is not a particularly favourable
one. It appears, however, that six terms of the asymptotic series and eight of the exponential
series will be adequate; in less severe cases of course fewer terms are necessary. Further
evidence is supplied later for the accuracy of this type of solution, for in tests of independence
to be discussed in § 6, exact distributions are available for comparison, in cases where the
series is not favoured, and excellent agreement is found.
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APPROXIMATIONS

The series we have found is of rather too complicated a character for routine use; as an
alternative, approximations were sought which were relatively simple.

3. APPROXIMATIONS USING A SINGLE y2 DISTRIBUTION
We have for the cumulant generating function of M (putting p = 1 in equation (20))
w() = Q—g(O)—éflog(l ~2it)+ 3 %;(1 — 2it)r, (45)°
r==1

where f = 1p(p+1) (k—1) and a, is obtained by putting p = 1 (i.e. # = 0) in equation (43).
Expanding this expression in powers of ¢ we obtain '

© Gty { m(j+r—1)2m;} ' |
Y= 3 Tl ey 46
0= G- 500 2 - (9)
The jth cumulant of Af is then given by
o G+
K,.;2:—1(3—1)!f{1+JA1+9(L2+—)A2+...}, (47)
h 4, = 2% 48
W. ere r_. Vrf H ( )

and in particular for the generalized test for homoscedasticity which we are considering,
2% +3p-1 ( k l__l_)
T ek-1)(p+1)\;& v NJ°

4. _(2=D(p+2) -"_I_L)
2T e(k—1) =i N2

(49)

3-1. The choice of a scale factor in the X2 approzimation

Now 2/-1(j —1)!f is the jth cumulant of X? with f degrees of freedom. Thus, to order
v-1, (47) is identical with the jth cumulant of Cx? where C is either 1+ 4, or (1 =4, If
A, were zero then C = 1+ 4, would give the first cumulant &, to order v-2 and the remaining
cumulants would clearly be less in error than if ¢ were taken as (1—4,)-1, However, if
4, = 4}, it would be preferable to put C = (1—A,)7, since here this form would give agree-
ment to order v—2, » ,

Clearly this would also be the better form to use if A, were near to or greater than 43
In the univariate case 4, = 0 and C should therefore be taken as ‘

1 1 1
- -  [(zi_2
O=1+4,= 1+3(lc-1)( , N)

a8 has been shown by Bartlett (1937).
For the generalized test for homoscedasticity we find

(k) 32 o [Vak—1
Ay=43 = (557) 50 e {80~ D 0+ 1)2<pf2>(7§~,c-)—(2p2+3p—1)}, (50)
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where 7, is defined by equation (40). For p = 1, 4, = 0, and consequently this quantity is
negative for all values of k. When p > 1 it is positive, except in the particular case when
p = 2and k = 2 and the »’s are equal, when the quantity in curled brackets is equal to —1,
and A} is almost exactly equal to 4,; if the »’s are not equal, this quantity is greater than
-1, a.nd it is positive for all larger values of p and k.

For the multivariate statistic, p>1; we therefore take M/C to be approximately
distributed as x% with f = }(k— 1) p(p + 1) degrees of freedom and

1 gy @D (£1 1)
=(1-4))=1 6(p+1)(k_1)(l§1Vl N)’

if the degrees of freedom are equal this becomes

1_1 (2p%+3p — 1)(lc+1)

o Spt) by (81)
We note that 1/C is the same as the value p chosen as scale factor (44) in the series solution.
In the case of samples with equal degrees of freedom, the statistic M is equivalent to Bishop’s
criterion /;, so that the multivariate scale factor C proposed here is comparable with the scale
factor G proposed by Bishop and given in equation (3). Table 2 shows a number of comparisons
for the s1gmﬁcance levels, together with the values for the probabilities given by the series.

Table 2. x2 approximation; comparisons of scale factors. S?gmﬁcance points
SJor M with probability given by series

p=2 p=4 p=6

k=5 5% Bishop (b) 23-06 0-0531 67-38 00742 - | 142-19 0-1633
y=9 Box 23-27 00503 68-93 0-0597 148:30 0-1041
1% Bishop (b) 28-82 0-0107 77-01 0-0173 156:35 0-0533

Box 29-01 0-0101 7874 0-0135 16316 0-0286

k=5 5% Bishop (b) 2213 0-0486 6136 0-0511 121:29  0-0660
v=19 Box 22:03  0-0501 61:31 0-0515 122:82 0-0556
1% Bishop (b) 27:3¢  0-0104 69-95 0-0108 | 13360 0-0144

Box 27:47 0-0100 70-03 0-0105 13513 0-0116

It appears that, not only is-the factor suggested here very much simpler than Bishop’s,
but that it also gives a better approximation. However, it appears that even with the scale
factor C this approximation fails when p is large and v is small.

4

4. APPROXIMATIONS USING THE ¥ DISTRIBUTION

The x* approximation becomes less and less satisfactory as p and k are made larger and v is
made smaller. We know, however, that for all finite p and ¥, M/C will tend to a type III
curve as » becomes large. When v is not large we might expect the point corresponding to the
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distribution of M in the f,, £, plane to lie near the type III line, in either the type I or type VI
regions. We shall see that the use of these curves rather than the type IIT will enable us to
absorb a further term in the cumulant series, corresponding to the extra adjustable para-
meter available with type I and type VI curves, and thus ensure agreement in the cumulants
to order v—2. Although percentage points of the B-function have been tabled (Thompson,
1941), tables of the function F are usually more readily available. For this reason results
which occur in the B-function form will be inverted, so that only tables of the F distribution
will be required in using these approximations, and they will be referred to as F approxi-
mations.
4-1. Choice of relevant type of curve

The ‘start’ of the probability density function for M is at zero. For the Pearson system of

frequency curves in which the restriction is made that the start of the curve is at zero, the

relation between the cumulants ok
2A=2r o (82) -

. K '
corresponds with Pearson’s type III curve when 7 = 1. If 7 slightly exceeds unity the curve
falls in the type VI region, if it is slightly less than unity it falls in the type I region. Substi-
tuting the values for the cumulants of the criterion M, using equation (47), we obtain,

ignoring terms of order »-3,
’ 1__1+4A1+7A2+3A§
T 1+44,+64,+44}

Thus for all sufficiently large values of » the region into which the curve will fall is givervxb by
A,>A} A,=4} A,<A4}

7>1 LT=1 7<1 . (54)
‘Type VI Type III Type I

(53)

For example, from équation (50) obtained in the case of the generalized test for homo-
scedasticity, it is clear that for p = 1 the curve will be in the type I region, and for nearly
all other cases, when p is greater than 1, it will be in the type VI region.

4-2, Type VI .
The F distribution with 2P and 2@ degrees of freedom is defined by
p(F) = constant FP~1(PF + Q)=+, (55)
The rth moment of a quantity bF, where b is a constant, is given by

o — (5 Q7 DE N T@=1)
o) = (o3 S pra -

from which, after some algebraic reduction, we obtain the first four cumulants of bF as
k,(bF) = P(b/P)(1-1/@)71,
Kko(bF) = P(b/P2(1+(P-1)/Q)(1-1/@)*(1-2/@)~,
K3(bF) = 2P(b/PP (1+(P—1)[Q) (1 +(2P-1)/@) (1 - 1/@)*(1-2/@)~* (1-3/@)~,
ky(bF) = 6P(b/PY{(P/Q)*(5/Q—11/@*) + (1 -1/@)*(1 - 3/Q+2/Q*+ 6P/Q—13P[Q*)}

x (1—-1/@)4(1-2/@)2(1-3/@) (1 -4/Q)™. (57) -
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Now we have seen that M is approximately distributed as C'x2, so that if 7 is greater than
unity we would expect to be able to find values b, P and @, so that F would be an even better
approximation. Since we already know that the distribution is close to type III, we would
_ further expect that @ will be large compared with P since this will be so for type VI curves
close to the type III line.

If then we ignore terms of order (P/Q)2, we find

k(bF) = P(b/P) {1 + 1@}
ky(bF) = P(B/P2{1+ P|Q+ 3/Q},
ky(bF) = 2P(b/Py*{1+3P[Q+ 6/Q},
ky(bF) = 6P(b/P)*{1+6P/Q +10/Q}.

fit2 fi
and b=—>22—0u,
4, A3 1'—_*‘11"f1/f2

(58)

Nowput  2P=f,=f 2Q=f,=
then we obtain approximately \
QOF) = fll+ 4+ 4,
k(bF) = 2f{1+24,+ 3A2}: S (59)
Kkg(bF) = 8f{1+34,+ 64,},
Ky(bF) = 48f{(1 + 44, +104,},

which are identical to order »~—2 with the cumulants of M given by equation (47). Thus M /b
will be distributed approximately as F with f, and f, degrees of freedom, where

fHit+2

' fi
=f, =t b= 60
h=b h=g -2 =147 (60
4:3. Typel
We define a quantity X distributed in a type I form with parameters P and @,
p(X) = constant XP-1(1 — X)9-1, (61)
The rth moment of bX, where b is a constant, is given by
| » I(P+r)D(P+Q) '
. =" A 62
1K) = O BT (Pt grr) (62)

from which‘we find the first four cumulants of X to be
- Kk (bX) = P(b/Q) (1 + P[@Q)7,
ky(bX) = P(b/Q)(1+P[@)* (1 +(P+1)/Q)7,
*3(0X) = 2P(/QF (1 - P/Q) (1 + P[Q)* (1 + (P+1)/Q)* (1 +(P+2)/Q)%, }  (63)
K4(bX) = 6P(b/Q)*{1+1/Q—2P|Q~4P|Q*— 2P*/Q*+ P?/Q%+ P3/Q%}
x(1+P[Q)*(1+(P+1)/@)2 (1 +(P+2)/Q) 1 (1 +(P+3)/@).

As before if @ is large compared with P, so that terms of order (P/@)? may be ignored,
we obtain

K(bX) = P(/Q) {1~ P/@),
x0X) = P(5/Q)*{1-3P|Q+1/Q},
ks(bX) = 2P(b/Q)* {1 - 6P/Q - 3/Q)},
ky(bX) = 6P(b/Q)* {1 - 10P/Q—6/Q),

(64)



332 A general distribution theory for a class of likelihood criteria

_ +2 :
and putting 2P =f, = f, 2Q=f2=;{§1—”72 and bzl—A{2+2/f2

- we again obtain approximately the values given in (59) which to the order of approxi-
mation v—2 are the cumulants of M.

Thus M /b will be distributed as X in expression (61) with 2P = f, and 2Q = f, and

fi+2 J2 i
f1=f’ f2=A%__A2’ =1"‘A1+2/f2.

(65)

Alternatively, flT.II:ziWT) will be distributed as F with f, and Jf; degrees of freedom.

We note that although M can vary from 0 to o, bX can vary only between the limits
0and b, so that we are fitting a curve with limited range to one with infinite range. In Practice,
however, this presents no difficulty (see, for example, the comparisons of Tables 3, 4 and 5),
for since the distribution of M will be near to type 111, f, will be large compared with f, ;
consequently b will be large compared with f,. The mean for such curves will be approxi-
mately equal to f}, so that the range will be large compared with the mean, and the part of
the curve ignored by the truncation will be negligible. '

4-4. Application of the F approximation in tests of homoscedasticity

From (50) we know that when p = 1, A,— A?is negative, and hence the type I form of the
approximation is appropriate. When p > 2 we have seen that, except for the case p = 2, k = 2,
when to this degree of approximation the curve is almost type III, A,— A% is positive and
the type VI form is appropriate.

4-41. Univariate test (p = 1)

When p = 1, 4, is zero, so that to carry out the test we calculate in turn

1 1 1 _ _k+1 _ I
4= s5(35-%) A=y, R s
Jold ' e
and refer Fi6=11) to tables of the F distribution with f, and Jfs degrees of freedom.
(b= ,
In the special case when the degrees of freedom are equal
k+1

To test the accuracy of the approximation we will compare the values it gives for the 5%, and
1 % points of M, with those obtained from (1) Bartlett’s approximation, (2) Bishop & Nair’s
(1939) values and (3) the x2 series given by Hartley and corresponding to equation (26) with
p=1and p = 1. Tables 3 and 4 are adapted from those given by Pearson & Hartley (1946)
with the value of Bartlett’s approximation and the present approximation added. In
Table 3 a number of comparisons are made for the special case where the degrees of freedom
are equal, and Table 4 shows a few comparisons for the case of five estimates of variance with
unequal degrees of freedom. :

If the accuracy is judged by the closeness of agreement with the values obtained by Bishop
& Nair, it appears that the F approximation is an improvement upon that suggested by
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and putting 2P =f, =, 2Q=f2=2{%1—A3 .and b=1-A{2+2/fz

- we again obtain approximately the values given in (59) which to the order of approxi-
mation v—2 are the cumulants of M.

Thus M /b will be distributed as X in expression (61) with 2P = f; and 2Q = f, and
fit?2

hi ’
f1=f: f2=A%—A2, b=1—A12+2/f2. (65)

Alternatively, f_(‘II;ZMT) will be distributed as F with f; and f, degrees of freedom. -
(b—

We note that although M can vary from 0 to o, bX can vary only between the limits
0and b, so that we are fitting a curve with limited range to one with infinite range. In practice,
however, this presents no difficulty (see, for example, the comparisons of Tables 3, 4 and 5),
for since the distribution of M will be near to type 111, f, will be large compared with f, ;
consequently b will be large compared with f,. The mean for such curves will be approxi-
mately equal to f), so that the range will be large compared with the mean, and the part of
the curve ignored by the truncation will be negligible. )

4-4. Application of the F approximation in tests of homoscedasticity

From (50) we know that when p = 1, A,— A?is negative, and hence the type I form of the
approximation is appropriate. When p > 2 we have seen that, except for the case p = 2, k = 2,
when to this degree of approximation the curve is almost type III, A,— A% is positive and
the type VI form is appropriate.

4-41. Univariate test (p = 1)

When p = 1, 4, is zero, so that to carry out the test we calculate in turn

1 1 1 o _k+1 fo
Al—.:‘S(—k:—_l—)-(EITI—F), fl—(k 1), fz—_A-%—’ b_mf—‘z’ (66)

and refer f—({ﬁ%—[) to tables of the F distribution with f, and Jfs degrees of freedom.
(6= ,

In the special case when the degrees of freedom are equal

k41

1= (67)

To test the accuracy of the approximation we will compare the values it gives for the 5%, and
1 % points of M, with those obtained from (1) Bartlett’s approximation, (2) Bishop & Nair’s
(1939) values and (3) the x2 series given by Hartley and corresponding to equation (26) with
»=1and p = 1. Tables 3 and 4 are adapted from those given by Pearson & Hartley (1946)
with the value of Bartlett’s approximation and the present approximation added. In
Table 3 a number of comparisons are made for the special case where the degrees of freedom
are equal, and Table 4 shows a few comparisons for the case of five estimates of variance with
unequal degrees of freedom. :

If the accuracy is judged by the closeness of agreement with the values obtained by Bishop
& Nair, it appears that the F approximation is an improvement upon that suggested by
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Table 3. Comparison of approximations. Significance points
for M (equal degrees of freedom, p = 1)
5% 19
k v :
Bartlett Box Hartley | Bishop | Bartlett | Box Hartley | Bishop
(x?) (F) (series) & Nair (x?) (F) (series) & Nair
3 2 7-32 7-20 7-05 7-11% 11-26 10-85 10-57 10-74*
3 6-88 6-83 6-79 6-801 10-57 10-41 10-32 10-43%
4 6-66 6-63 6-61 6-62* 10-23 10-14 10-10 10-13*
9 6-29 6-29 6-28 6-3071 - 9-67 9-64 9-64 9-67%
5 2 11-39 11-23 | 11-01 11-09* 15-93 15-52 16-15 15-32%
3 10-75 10-69 10-62 10-67¢ 15-05 14-88 14-76 14911
4 10-44 10-39 10-37 10-38* 14-60 14-42 14-46 14-47*
9 9-91 9-89 9-90 9-931 13-87 13-85 13-84 13-86%
10 2 20-02 19-68 19-45 19-62* 25-68 25-22 24-65 24-90*
3 18-99 18-91 18-79 18-82¢ 24-31 | 2412 23-97 24-00%
4 18-47 18-41 18-38 18-42* 23-65 23-54 23-49 23-34*
9 17-61 17-61 17-60 17-64% 22-69 22-58 22-53 22-48%
* Calculated from Nair’s exact distribution. t Calculated by fitting type I curve to L,.
Table 4. Comparison of approximations. Significance posnts for M
(unegual degrees of freedom, p = 1, k = 5)
5% 1%
N vy Vo | Va | v | Vs ]
Bartlett| Box |Hartley | Bishop {Bartlett|] Box |Hartley| Bishop
- (x%) (F) (series) | & Nair (x%) (F) (series) | & Nair
20 6 6 |.4 2 2 10-70 10-65 10-54 10-59 14-97 14-82 14-62 14-80
45 16 16 9 2 2 10-45 10-40 10-30 10-35 14-62 14-51 14-31 14-46
20 5 5 4 | 3 3 10-49 10-46 10-41 10-43 14-68 14-58 14-51 14-59
45 14 14 9 4 4 10-07 10-05 10-04 10-05 14-09 14-05 14-03 14-05

Bartlett and is about as accurate as Hartley’s series, whilst it requires no special tables and
involves only simple calculations.

Since the approximations proposed by Bartlett, Hartley and the present author are
essentially asymptotic, it is to be expected that for small values of v, and particularly when
.V =1, the approximations will break down. This does in fact happen to a certain extent with
all of them, but it seems least serious with the present F approximation; for example, when

k=4,y=1, wehave

Approximation 59, point 19, point
Bartlett (x?) 111 16-1
Hartley (series) 9-0 11-8
Box (F) 10-3 14-6
Nair’s expansion 10-0 14-1
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i

For the case v = 1, Table 5 compares, for a number of values of k, the 5% and 1 % levels

given by Bartlett’s approximation and by the present method with values obta,med by
Bishop & Nair (1939) using Nair’s expansion.

Table 5. Comparison of the approximations when v = 1. Significance points for M

Value of & 2 3 4 5 6 7 8 9 10
5% point | Bartlett (x2) 58 | 87 | 111 | 133 | 154 | 174 | 193 | 213 | 231 |
Box (F) 51| 79| 103 | 126 | 146 | 167 | 186 | 205 | 224
Nair’s expansion 51 77 | 100 | 120 | 141 | 159 | 179 | 196 | 213
1% point | Bartlett (x?) 100 | 133 | 161 | 186 | 210 | 232 | 254 | 275 | 206
Box (F) 79 | 11.3 | 146 | 17-1 | 192 | 21-5 | 23.7 | 258 | 279
Nair’s expansion | 83 | 115 | 140 | 16-5 | 18-9 | 21-0 | 231 | 252 | 272

4-42. Multivariate test p>2
To carry out the test we calculate the quantities

4, = 2p%+3p—1 (El 1)’ A2=(p—-l)(p+2)(zl 1)’

6k—1)(p+1)\“y, N 6(k—1) B N2
fir2 s (68)
=}k—l +1, =__1—.., b=_._~_1__’
fl ..( )P(P ) f2 AZ_A% 1‘A1“f1/f2 -
and refer M /b to the tables of the F distribution with f1 and f, degrees of freedom.
When the degrees of freedom are equal
(P +3p—-1)(k+1) (lc +k+1)

George (1945) was able to evaluate the exact distribution of the generalized L, statistic
in simple cases, although, when the value of p and k are not very small, the method becomes
unmanageable. She used her exact distribution to check Bishop’s approximations. Table 6
is taken for George’s Table 1 and shows the equivalent value of M obtained by Bishop’s
empirical formula, method (a), for the 5%, point, together with the exact value of the
probability obtained by George by direct integration. The probability corresponding to'this
value of M has also been calculated by the 2 and F approximations suggested here. Thus the
closeness with which exact probability approaches 0-0500 indicates the accuracy of Bishop’s
method, and the closeness with which the probabilities for the x2 and F approximations ‘
coincide with the exact probability measures the accuracy of these approximations.

We see that the values given by the F approximation are in excellent agreement with the
exact probabilities, and even the y* approximation is considerably better than Bishop’s.

method. Unfortunately, no exact values are available in the cases where p and k are larger, - |

when approximation to the curve is more difficult. For these distributions the series given by .
formula (26), using in most cases up to six* terms in the asymptotic series and up to.eight*

* When v = 9, and p = 5 and 6, the coefficients « are rather large, and ten and fourteen terms respec-
tively had to be used in the exponential series. When p = 6 there is evidence that further terms in the
asymptotic series would give closer agreement.
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Table 6. 5 % points for M given by Bishop’s empirical approximation with their associated
probabilities calculated by : (1) George’s exact method, (2) the F approximation, (3) the x®

approximation
Probabilities Probabilities
v M v M
) Exact F 2 Exact F o
: ‘| (George) | (Box) (Box) (George) | (Box) (Box)
p= 2 9 8924 0-0492 10-0492 0-0492 p=3 9 15-740 0-0461 0-0458 0-0446
k=2 14 7-835 0-0495* | 0-0494 0:0496 k=2 14 14-434 0-0475 0-0475 0-0470
: 19 7-831 0-0496*§ 0-0496 0-0496 24 13-598 0-0485 |- 0-0486 0-0485
24 7-828 0-0498*% | 0-0497 0-0497 - 29 13-416 0-0488 0-0489 0-0487
: 39 13-211 0-0488 0-0_489 0-0488
p=2 9 14-164 0-0491 0-0491 0-0490
k=8 19 13-285 0-0496 0-0497 0-0496 p=3 14 23-661 0-0481 0-0479 0-0473
29 13-031 0-0497 0-0499 0-0499 k=3 29 22-288 0-0484 0-0480 0-0478
p=4 19 20-989 0-0461 0-0461 0-0455
k=2 29 19-948 0-0477 0-0478 0-0476

* Thése values have been recalculated and do not agrée with the values given in George's table.

Table 7. Comparisons of approximations. Significance points for M obtained by various
methods, with probabilities given by series (26)

p=2 p=3 p=4 p=5 p=6
k=5 59, | Bishop (a) | 23-40 Q-0485 —_ 71-07 0-0434 — —_ 173-17 0-0105
v=9 Bishop (b) | 23-08 0-0531 — — 67-38 0-0742 —_ —_ 142-19 0-1633
Box (x*) 23-27 0-0503 | 42-56 0-0532 | 68-93 0-0597 | 103-65 0-0673-| 148-30 0-1041
Box (F) 23-30 0-0500 | 42-83 0-0506 | 69-84 0-0524 [- 106-40 0-0545 | 153-36 0-0692
Type 1 23-26 0-0504 | 42-88 0-0502 | 70-28 0-0492 | 10715 0-0500 | 157-38 0-0483
19, | Bishop (a) | 29-19 0-0096 — 81-35 0-0082 —_ —_ 192-:34 0-0010
Bishop (b) 28:82 0-0107 — 7701 0-0173 —_ — 156-35 0-0533
Box (x? 29-01 0-0101 | 50-24 0-0111 | 7874 0-0135 | 113-54 0-0225 | 163-16 0-0286
Box (F) 29-05 0-0100 | 50-58 0-0102 | 79-84 0-0105 | 118-56 0-0122 168-94 0-0165
Type I 29-07 0-0099 | 50-59 0-0102 | 80-45 0-0097 120-20 0-0»38 | 173-78 0-0097
k=5 59, | Bishop (a) | 22-14 0-0486 — 61-63 0-0489 —_ —_ 124-235 ’ 0-0469
v=19 Bishop (b) | 2213 0-0486 —_— — 61:36 0-0511 — —_— 121-29 * 0-0660
Box (x?) 22:03 0-0501 | 3909 0-0508 | 61-31 0-0515 89-08 0-0332 | 122-82 0-0556
Box (F) 22-04 0-0500 | 39-14 0-0501 | 61-47 0-0502 89-47 0-0305 | 123-61 0-0508
Type 1 21-92 0-0516 | 39-10 0-0505 | 61-36 0-0511 890-59 0-0496 | 123-70 0-0503
19, | Bishop (a) | 27-55 0-0098 —_ 70-50 0-0095 — — 137-09 0-0088
| Bishop (b) | 27-34 0-0104 — — 69-95 0-0106 — —_ 133-60 0-0144
Box (%) 27-47 0-0100 | 46:14 0-0102 | 70-03 0-0105 09-56 0-0109 | 13513 0-0116
Box (F) 27-48 0-0100 | 46-20  0-0100 | 70-23 0-0101 | 100-01 0-0101 | 136-03 0:0103
Type I 27-55 0-0098 | 46:24 0-0099 | 70-27 0-0100 | 100-24 0-0:098 136-32 0-0099
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terms in the exponential series, may be used as a standard for comparison. Table 7sh
significance points for M obtained by five different methods together with the prob:
calculated from the series. The methods are: Bishop’s empirical approximation (a), I
approximation (b), the y% and F approximations suggested in this paper, and the fi
a type I curve by exact calculation of the first two moments. The values for M for ¥
approximations and the type I approximation have been calculated from Bishop’s sign
points for /; given in his Tables 9 and 10.

If we take the series solution as supplying essentially accurate values, we confirm E
suggestion that the type I curve, fitted exactly to the first two moments of Iy, prov
exceedingly good approximation. Of the working approximations, the F apProxi
suggested here appears to be the best and the X% approximation with the generalize
factor C will be fairly satisfactory if p and & are not greater than five and v is not les
say, twenty. : '

Table 8 supplies a few comparisons with equal and unequal degrees of freedom.

Table 8. Significance points Jor M from x* and F approzimations for some 'equal and 1
groupings, when p = 4 and k = 5, with associated probability given by series (26

N . V1 Vg Vs Ve Vs 5% 1%
95 19 19 19 19 19 X2 61-31 0-0515 70-03 0
F 61-47 0-0502 70-23 0
95 9 9 19 29 29 X2 63-22 0-0578 72:33 0
F 63-99 0-0521 73-14 0
95 9 9 9 9 59 X2 66-32  0-0627 - 75-76  0-(
F 67-39 0-0535 77-07 00
45 9 9 9 9 9 X 68-93 0-0597 7874 00
i F 69-84 0-0524 79-84 00

It appears, at least for unequal samples with none of the degrees of freedom less b
that the F' approximation will be fairly satisfactory

5. GENERALIZATION OF THE PROCEDURE

The method we have developed has so far been illustrated in the case of the univaria
multivariate tests of homoscedasticity ; its application is, howevér, more genera
fact, the method can be used whenever, by choosing a suitable power of the original crit
Wwe can obtain a statistic W which has its Ath moment of the form '

h m

(7)) I P1+k)+£]]

k

II

&(W) = constant x | Z ;l - ,
il;Il (%) jI_Il [F{?/j(l +h)+ 777'}] .
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. m k
where T =Yy
i=1 j=

(The constant will be obtained of course by putting & = 0 in (70) and taking the reciprocal.)
Many of the tests in-Plackett’s review, referred to in the introduction to this paper, fall into
this category. We have already seen that the generalized L, statistic is of this type; others
are Wilks’s test for the independence of % groups of variates (which has some important
special cases; and will be considered in detail in the next section); the generalized test for
- constancy of means, variances and covariances for k samples given by Wilks (1932); and the
tests for ‘compound symmetry’ of variance-covariance matrices discussed by Votaw
(1948). ‘

" Another group of criteria, which has been studied by Mauchly (1940) and Wilks (1946),
arises from tests made on a single sample of n p-variate observations. Mauchly’s criterion
tests the hypothesis that the variances of the variates are all equal and that the covariances
between the variates are all zero. Wilks considered criteria for testing three further
hypotheses:

(2) That the p means, p variances, and $p(p — 1) covariances for the variates have respec-
tively the same unknown values.

(b) That the variances are the same and the covariances are the same irrespective of what
values the means have.

(¢) That the means are the same (assuming (b) true).

It is hoped to consider some of these tests rather more closely in a later paper. Here we
shall merely note that, except for Wilks’s third criterion (which is always distributed exactly
in type I form), the exact distribution of the test function is, in general, not exactly known.
The expression for the Ath moment, however, is in each case of the form of equation (70) and,
as is shown below, our previous approach will provide approximations in all these cases.
Tukey & Wilks (1946) have considered this class of statistics and have pointed out that
" they all possess in common the property that, when the null hypothesis is true, they are
distributed as a product of independent components, each component being distributed in
type I form.

Consider the expression (70) for the hth moment of any statistic W of this type. If we
take M = —2log W as our working statistic, and write (1—p)x; = £, (1—p)y; = ¢;, where
p is a constant <1 at our choice, we find for the cumulant generating function of pM

W) = g(t) —9(0),
m k
where g(t) = 2itp|:2x,- logz;~ X y;log yj]
i=1 =1
m k ) .
+ -leog D{px(1~2it)+ B, + £} “,leog Noy,(1-2it) +¢;+m},  (71)

and g(0) is independent of £ and is obtained by writing ¢ = 0 in (71). .Expa.nding the logarithms
of the Ifunctions by (18), we obtain the cumulant generating function of pM in the form

¥(t) = Q—g(0)— glog (1—-2ut)+ ilw,(l - 2ut), (72)

22-2
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where £=-2| Bt 5 m-dm-h), L m

. = (—1)”'1{ w BalBi+€) k Br-(-1(€9'+ﬂj)} ‘
T+ WS () =1 (pyy P

(74)

m k
Q = i(m—k)log 27r—flogp+ Z (x;+&;— 1) Ingi— Z (y;+9;~ 1) logy;. (75)

From the cumulant generating function (72), the asymptotlc X? series corresponding to
(26)and (30) are immediately obtainable. Alternatively, we may obtain approximations inthe
manner given in§ 3; the method outlined there is clearly perfectly general for this whole class
of statistics. We need the quantities 4, = 2w}/f and 4, = 4w}(f, where ! is the value taken
on by w, when p = 1. Thescale factor C for the y* approximation will be 1 + A,or(1—-A4,)1;
a decision between the two alternative forms can be reached by the cons1dera.t10ns set out
in §3-1. Then, to this order of approximation, M/C will be distributed as x2. If greater
accuracy is required we may use the F' type approximations described in § 4. The particular
form is decided by the sign of the quantlty A4,— A% If this quantity is positive, the curve of
best fit will be type VI. Putting f~ p

1+2 1 . .

he=b h=3, 2 =14, 7R (76)

M|b is distributed approximately as the variance ratio F with £, and Jo degrees of freedom.
Alternatively, if 4, — 4} is negative the best fitting curve will be type I, and if we put

+2
fl f f2 fl A H b= 1-A{2+2/f2, . (77)
then a.pprox1mate1y 7 ({z 73] will be distributed_ as F with f, and f, degrees of freedom.

There are thus a number of possible levels of approximation as measured by the order of
agreement between the cumulants of the statistic and those of the fitted curve.

(1) Ignoring terms of order x; 1, y;7Y, M is distributed as ¥2.

(2) Ignoring terms of order x;2, Y7 %; by a technique originally used by Bartlett and here
generalized, a quantity C can be found such that M is distributed as Cy2. :

(3) Ignoring terms of order z;3, y;3, a function of M can be obtained which is dlstnbuted
as the variance ratio F.

(4) Finally, for very precise work and for checking other approximations, a x2 series
solution may be used and here agreement with the cumulants (as represented by their
asymptoticexpansions) of the statistic can be obtained toasgreat an orderasseems profitable,

In practice method (4) is sometimes rather long, although it has been found very accurate,
but (3) involves very little labour and will often be sufficiently precise.

As a second example of the application of this technique we consider Wilks’s generalized
test of independence. .

6. THE GENERALIZED TEST FOR INDEPENDENCE

Wilks (1935) considered the following problem: suppose we have a sample of ¥+ % obser-

vations for a kp variate normal population and we have some @ priori reason for dividing

the variates into k£ groups containing p,, .. sDps «+es Dy .-, Py Variates (where ¥ p; = kp and
1

P is thus the average size of the groups and is not necessarily integer). It is required to test

i
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whero =2 B 6 51— dm-h), . m
i= j=1 .

. = (“1)'+1{ w BalBi+€) k Br-«-l(ej""lj)} ‘
T+ WS () =1 (pyy P

(74)

m k
Q = 3(m—I)log 27r—flogp+ Z (x;+&:—3) Ingi— Z (y;+9;~ 1) logy;. (75)

From the cumulant generating function (72), the asymptotlc X? series corresponding to
(26)and (30) are immediately obtainable. Alternatively, we may obtain approximations inthe
manner given in§ 3; the method outlined there is clearly perfectly general for this'whole class
of statistics. We need the quantities 4, = 2w}/f and 4, = 4w}(f, where )/ is the value taken
on by w, when p = 1. Thescale factor C for the x* approximation will be 1 + A or(1-A4,)1;
a decision between the two alternative forms can be reached by the considerations set out
in §3-1. Then, to this order of approximation, M/C will be distributed as x2. If greater
accuracy is required we may use the F' type approximations described in § 4. The particular
form is decided by the sign of the quantﬂ:y A4,— A% If this quantity is positive, the curve of
best fit will be type VI. Putting f~ p

1+ 2 1 . .

fl f fz A Az: b= 1—A1“f1/f2’ (76)

M b is distributed approximately as the variance ratio F with £, and Jfo degrees of freedom.
Alternatively, if 4,— 4} is negative the best fitting curve will be type I, and if we put

+2
fl f f2 fl A H b=1—A{2+2/f2, . (77)
then a.pprox1mate1y 7 ({2 V73] will be dlstnbuted_ as F with f, and f, degrees of freedom.
1

There are thus a number of possible levels of approximation as measured by the order of
agreement between the cumulants of the statistic and those of the fitted curve.

(1) Ignoring terms of order x; 1, y_,‘ 1, M is distributed as ¥2.

(2) Ignoring terms of order x;2, Y7 %; by a technique originally used by Bartlett and here
generalized, a quantity C can be found such that M is distributed as Cy2. :

(3) Ignoring terms of order z;3, y;°3, a function of M can be obtained which is dlstrlbuted
as the variance ratio F. :

(4) Finally, for very precise work and for checking other approximations, a x? series
solution may be used and here agreement with the cumulants (as represented by their
asymptoticexpansions) of the statistic can be obtained toasgreat an orderasseems profitable.

In practice method (4) is sometimes rather long, although it has been found very accurate,
but (3) involves very little labour and will often be sufficiently precise.

As a second example of the application of this technique we consider Wilks’s generalized
test of independence.

6. THE GENERALIZED TEST FOR INDEPENDENCE

Wilks (1935) considered the following problem: suppose we have a sample of v+ % obser-

vations for a kp variate normal population and we have some @ priori reason for dividing

the variates into k groups containing p,, ..., p,, ..., ..., p, variates (where .7 = kp and
1

P is thus the average size of the groups and is not necessarily integer). It is required to test
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the hypothesis that the k groups of residuals, obtamed after fitting u mdependent constants
to each of the variates, are mutually independent.

If | ¢;; | is the kp x kp determinant of sums of squares and products of residuals for the kp
variates and |c,; |, is the p, x p, determinant of sums of squares and products of realdua,ls of
the Ith group, then the likelihood ratio criterion obtained by Wilks is

C; r
A= kl 11’ — lfil

% ’ (78)
ll;ll| ciili ll;lll 7o i

- where | ;| and |r; |, are the corresponding determinants of sample correlation coefficients
having » degrees of freedom. Wilks obtained the moments, and also, for special sets of values

.of k and p,, the exact distribution of his criterion which generalizes a very large class of
statistical tests. Problems in which there are more than two groups of variates, i.e. where

* k> 2, occur for example in educational research ; we may have some prior reason for believing
that a battery of, say, ten different tests applied to pupils may be divided up into a number
of groups, each group concerned with some distinet ability, and may wish therefore to test
the hypothesis that, when the means are eliminated, the selected groups are independent
of each other. .

When k = 2, we consider only two groups of variates containing p, in the first and p, in
the second. Since the criterion and its distribution will be unaffected if the set of p, variates
are fixed independent variables and the set of p, variates ‘dependent’ variables distributed

- in a p;-variate normal distribution, the function is then appropriate for testing the general
multivariate linear hypothesis (see, for example, Bartlett, 1934, 1938, 1947). If, in addition,
21 =1, then the likelihood criterion is A = 1— R?, where R is the coefficient of multiple

" correlation between the single dependent variate and the p, independent variates. A second
special case of Wilks’s statistic which is of some interest, and is considered more fully later
in this section, occurs when there is only one variate in each of the k groups. The statistic
then supplies an overall test for independence between k variates. For the general statistic
Wald & Brookner (1941), using a rather different technique from that of Wilks, were able to’
extend the catalogue of values of k and p, for which the distribution of A is exactly known in
terms of elementary functions, to include all cases where at most one group contains an odd
number of variates. These distributions, although exact, are rather complicated in character.
As an alternative and to cover the remaining cases, these authors obtained a series solution
and Rao (1948) modified this series in the important case where £ = 2 to provide an improved

test in problems of multivariate analysis. These series will later appear as special cases of '

that which we are now investigating.

6-1. Derivation of the series
The hth moment of A is given by Wilks as

' v—j v—m
ot T(52) [ [F(5742)

I —y 2/ —_ (79)
1=1j=0 -J m=0 V—m
P( g T h) F( 3 )
"So that if we write W = A¥, the hth moment of W will be in the form given in equation (70);

“taking as our logarithmic statistic M = —2log W we obtain

M = —vlogA.: (80)
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To obtain the series, we begin as before by defining the relationship between a quantity p
(less than unity) and quantities x and § by the equations p = u/v, v = p+ . It is also con-
venient to define a set of quantities

s=(z2)-2m (81)

which appear in the solution in much the same way as the quantities Z - appear in the

Vi N
tests for homoscedasticity. Then, as before, we obtain equation (72) for the cumulant gener-
ating function of the pM, and the constants are available by direct substitution i in (73),
(74) and (75),

PRy
_a (—2)y k pi—-1 /9"‘,7 ( _n=1pn_.7) .
G == r(r+—1),u'z§2 Eo Br+1(_2_) =Bra\——5—/|> (83)
Q= —glog’g; | (84)

The calculation of «, from formula (83) would clea,ﬂy be ez-(tremely laborious for all but
small numbers of variates; we therefore seek an alternative simpler form. Using relations
(32) and (35), we find

e S M T

and the values taken by (86) when p = 1,2, ...,7, are given by putting p = p,; in equation
(42). Writing o, for the value which a, has when p =1,i.e. when ,8 0, then substltutmﬂr for
O5(py) in (85) and summing, we obtain for the first six values of «;.:

o) = (2%, + 3%y}, )
% = g5{Za+ 283 — T},
oy = 74o{6Z;+ 155, — 105, - 30%,),
g = gho{2Ze+ 625 — 5T, — 205, + 3%}, ( &)
o = 5ho{25, + TSg— TS5 — 365, + TZ, + 49%,},
g = gora{38s + 125, — 145, — 845, + 213, + 1965, — 103,}, )

where %, is defined by equation (81), whence we have for the a’s

@, = a1 —(f[2) B, ’
@y = ag—a f+(f14)

ag = ay—2a 8 +a; B2 — (f/6) B,

oy = oy — 3az S+ 3o, f2— o1 P+ (f8) %,

g = o5 — datg f+ Oy 32 — dory 5+ at; B4 — (f]10) /5,
ag = otg—5as/f+ 10ag 2 — 1003 1 + oty 34 — 3 5+ (f/12) 2. )

| (88)
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As before, from the cumulant generating function we obtain the series correspondihg to
(26) and (30), and if p is chosen so that &, = 0, we have

ﬂ=2“1lf’ p=1 12f

Wald & Brookner (1941) derived a x2 series for this statistic by a different method from
that used here; it is not difficult to show, however, that the series they obtained is equivalent
to our series, but with p = 1. In this form the series is of little practical use for small, or even
moderate values of » because of the difficulty we have noted before of adequately approxi-.
mating to exp e, 7(1 — 2it)~" by means of a series, unless «, is small or x is large. By intro-
ducing the factor p, the size of the coefficients o can be greatly reduced and the series be used
- even for fairly small values of v. As an example, consider the case of three groups of variates
with two variates in each grouping, k = 3, p, = 2, p, = 2, p; = 2, and suppose v = 10. The
values of the coefficients o, /4" are shown below whenp = 1 and &lso when p takes on a value
making a, zero. When p = 1, g is of course equal to ».

(2254 3Z,). (89)

Values of . /u"

r p=1 p=0-688

1 1.900,00 = 0-000,00

2 0-335,00 0-073,17

3 0-086,33 0-003,71

4 0-026,88 0-001,78

5 0-009,40 0-000,23

6 0-003,55 : 0-000,07
Total 2-361,16 0-078,96
g(0)—@ 2:363,61 0-078,98

For the Wald & Brookner series, if v is small, the coefficients are so large that in practice
it would be impossible to represent the exponent adequately by & reasonably small number of
terms of the exponential series; by suitably choosing p, however, the size of the coefficients
are greatly reduced while the agreement between the sum of the terms and g(0)— @ is im- "
proved. In the particular example quoted, the exact distribution is known (Wilks, 1935). It
appears in rather a complicated form, but has been used here to check the series and the
approximations. Table 9 shows the 59, and 19, significance points for the criterion M

Table 9. Some comﬁarisons for Wilks’s statistic

x? approximation . F approximation
A Probability M Probability
Exact Series Exact Series

vy=10 5% 30-770 0-0612 0-0612 31-357 0-0549 0-0548
k=3 1% 38-366. 0-0139 0-0139 39-180 0-0117 0-0117

py=2 v=20 5% 24-982 0-0516 0-0516 25-083 0-0504 0-0504
1% 31-149 0-0105 0-0105 31-292 0-0101 0-0101
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obtained by using the 2 and F approximations which are derived in the next section, together
with the exact probabilities and the probabilities calculated from the series, using p = 0- 683,
and six terms in the asymptotic and eight in the exponential series. Agreement to four places
of decimals is usually obtained between the series and the exact value for the probability.

x2 approximation. Following the previous procedure, we find that M/C is distributed
approximately as x% with f degrees of freedom, where

1 1
o= 1- o f (223+3%,) and f=13Z,.
F approximation. We have
1 1
F=1%8, 4;= ._1'_3‘7(223-'-322)’ Ay = —1—2—1’?}’(24+ 2Z3—Z),

from which, using equations (76) and (77), the F type approximation can be easily computed.
The quantities Z,, 5, and Z, required in these approximations are given by (81), the
calculations of Table 9 give some indication of the accuracy to be expected.

6-2. Special cases
We consider two important special cases of the statistic, that in which there are only two
groups of variates and that in which there is only one variate in each of the k groups.

6-21. Case k = 2
In this case the expressions for the coefficients in the series simplify considerably. Writing
P, = P, Ps = ¢, We obtain '

+q+1
f=pq, p=1- L 2qv , B=%p+qt+l),

Pq(

ay =0, ay="7(p*+9*-5),

ag=10, a,= {31;4+3q + 10p2¢® — 50( p% +¢?) + 159},

920
ag =0, &y = T za 30 4"~ 105(p* + ¢4+ L 113(p +¢?)

+ (21p® — 350 + 21¢2) pg? — 2,995}

Putting these values in (26) and (30) we confirm* the series given to terms in x~*by Rao

(1948) for this case, k = 2. Bartlett had already (1938) obtained the x? approximation using
1 | S .

the scale factor ol 1 _21-%;_ (which is of course the factor given by the present pro-
cedure). Rao introduced this scale factor into the Wald & Brookner series, so as to obtain a x?
serics with Bartlett’s x2 approximation as the leading term, equivalent to (30). As we have
seen, this choice of factor results in thig particular case in ; and the o’s of odd order being
zero, so that the calculation of the series is correspondingly simpler.

* There appears to be a misprint in Rao’s paper in the expression which corresponds with a,, where
tho constant 159 is wrongly given as 150.
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x? (Bartlett) approxzimation. T =(1—p—-i"2qy—+——1 )M is approximately distributed as y2

with f = pq degrees of freedom.
F. approximation. We find 4, — 4} = (p*+¢*—5)/12v%; thus for p and ¢> 2, A,—A42>0,

and the type VI form will bq appropriate. M (b will be approximately distributed as F with
f1 and f, degrees of freedom, where

1213(pq + 2) 29
= pq, SSguindii 2 Sl S N o S
hi=rt Fe PP+g*—5 1 bret+l fi
2v Ja

For p or g equal to 1 and 2, the exact distributions are known and provide simple tests
© (Wilks, 1932, 1935). For these cases A and /A respectively are distributed in a type I dis-
tribution, and the significance test can be made, either by directly entering Thompson’s
tables of percentage points of the incomplete B-function, or by inversion of the statistic to
its equivalent ‘variance ratio’ form and using tables of F or of Fisher’s z (Bartlett, 1934;
Rao, 1948). As has been pointed out by Bartlett (1938)if p = 1andgq = 2 (orp = 2and g=1)

% = -V——:—2 M is distributed ezactly as x?, and substituting these values for p and ¢ in the expres-

. sions for , we find that in this case all these coefficients are zero, so providing a useful check.
If p"and g were both unity, 4,— 4% would be negative and the type I form be appropriate
for the F' approximation. Of course we shall not need to use the method here because the
criterion /(1 — A) is the sample correlation coefficient r and the exact distribution is known.
The exact distributions are also known in certain other cases (Wilks, 1 935; Wald & Brookner,
1941); the form which these take, however, is rather complicated, but they are useful to
check approximations. In Table 10 are shown the 5 %, significance points of M for a number
- of combinations of p and ¢ as given by the x? and F methods of approximation. In the cases
chosen, the exact distribution is known, and this has been used to calculate the exact pro-
bability associated with each of these points. For comparison, the probability given by the
series, using terms up to o4 in the asymptotic series and, for most values, up to a4 in the
exponential series, is also shown.

We see that, providing v is sufficiently large, Bartlett’s approximation is in good agreement
with the exact values, and the F' approximation, since it involves very little more labour,
provides a worth-while improvement. If v is not large and one is doubtful whether these
approximations will be sufficient, a rough but useful indication is provided by comparing
the values obtained by the x* and F approximations (in calculating the F approximation
one will have already calculated the quantities needed for the x2 approximation). If these
two approximations give substantially the same value, it may generally be taken as an
indication that the approximation is adequate. If they differ markedly, a more accurate
value should be calculated from the series.

622, Casep,=1,1=1,2,..,k
If the k groups each contain only one variate, the hypothesis tested is that each of the

variates is independent of all the others. The A criterion then becomes the determinant of
the sample correlation matrix, e.g., if & = 3,

I 7y 7
A=|ry, 1 1y

Tyg Toy 1
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Table 10. 59, significance points for M

x* (Bartlett) F (Box)
P q- v Probability » Probability
M M

Exact Series Exact Series

1 1 9 4'610 0-0494 0-0494 4-592 0-0499 0-0499

1 5 10 17.032 0-0624 0-0624 17-542 0-0555 0-0555

20 13-419 0-0518 0-0518 13-504 0-0504 0-0504

1 10 20 26-153 0-0666 0-0666 27-022 0-0562 0-0562

40 21-538 " 0-0525 0-0525 21-690 0-0505 0-0505

1: 2 2 9 13-137 0-0515 0-0515 13-200 0-0506 0-0506

2 5 10 30-512 0-0737 0-0737 31-654 0-0614 0-0614

20 22-884 0-0529 0-0529 23-053 0-0507 0-0507

' 2 10 20 46-334 0-0753 0-0733 48-164 0-0595 0-0595
: 40 37505 0-0535 0-0535 37-775 0-0507 0-050%
4 4 10 47-811 0-0945 0-0940 49-996 0-0735 0-0731*

i 20 - 33-931 0-0542 0-0542 34-216 0-0512 0:05Y2

* Withv=10and p=g¢ =4, six terms were taken in the asymptotic series and twelve in the exponential
series; greater accuracy can be obtained by taking more terms in the asymptotic series.

where r; is the usual sample product moment correlation coefficient between the ith and jth
variates. When L = 2 the criterion is simply 1 —s3,.

The statistic is useful in supplying an overall test of independence between the % variates.
For example, when & = 5 there will be ten individual correlation coefficients. Even when the
null hypothesis, that all the variates are uncorrelated, is true, we shall expect often to come
across individual coefficients which are ‘significant’. For such a case it will be appropriate
to apply the overall test before testing individual correlations. Again, the expressions for the
coefficients simplify and we find, choosing p so that «, = 0,

2k+5 , 2%+5 :
f=tk=1), p=1-—pr, B=—"—,

BE=1) 0 o “'
Xy = 0, Ay = ——é‘gS—— (3]02—2]»-— 13),
k(k—1)

ay = W(k-z)(zk— 1) (k+1),
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— k(k—1) .3 L2 | G
oy = 34560 (16k% — 32k3 — 252k2 4 268k + 1147),
k(k—1) Q72 A
o = 136, OSO(k 2)(k+1)(2k—1)(8/:*— 8k —97),

g = 7—’“&%% (496k° — 1,488K5 — 12,570k4 + 2763243+ 137,490k — 151554k — 562,103).

For the Xx® approximation we find, from the argument of §3-1, that we should take
1 2k+5 k+5

o= 1 ~ ey Thus :1 - ——é—v—} M will be approximately distributed as y® with k(k—1)
degrees of freedom.
For the F approximation we have

2k+5 k’+é§12
f""llk(k—'l): A = 6y Az‘—-—6vz .

2 _ 9
Fork = 2and 3 we use the type I form and for k > 4 the type VI, since 4, — 42 = 2k 3252 13

is negative when k = 2 or 3 and positive for larger values of k. We then calculate f;, f, and b,
required in this approximation, by formulae (77) and (76) respectively.

7. STMMARY AND CONCLUSIONS

For a particular class of likelihood criteria, whose moments appear as the product of I-
functions, a general method is described for obtaining probability levels when the null hypo-
thesis is true. A number of statistics whose moments appear in this form are referred to, and
a general method developed to obtain:

(@) A series which is in close agreement with the exact distribution.

(b) An approximate solution, using a single x* distribution, which is suficiently accurate
for moderate or large samples.

(c) A rather better approximation, using a single ¥ distribution, giving close agreement
even when the samples are rather small.

The method is illustrated for the following two general statistics:

(1) Tests for constancy of variance and covariance

(a) Univariate case. The F approximation is of the same order of accuracy as Hartley’s
(1940) series solution although it requires very much less calculation, and significance may
be judged by consulting tables of the significance points of the variance ratio F alone.

(b) Multivariate case. The series solution shows remarkably close agreement with the
exact distribution when this is known, and is used in other cases to compare approximations.
The x? approximation does not correspond with that found by Bishop (1939), but is, in
fact, simpler and more accurate.

The series confirms the accuracy of significance points found by fitting a type I curve to
the first two moments of ;. The calculation of the moments involved in this method renders
it too laborious for routine use, and Bishop suggested two working approximations; the F
approximation developed here is more accurate than these approximations. whilst it involves
no more labour and can be used when the sample sizes are unequal.
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(2) Wilks’s test for independence of k groups of variates

The asymptotic series, and 2 and F approximations are derived for this case, and the
relation of the results with those of Wald & Brookner, Bartlett, and Rao is discussed. The
exact distribution is used to assess the accuracy of the proposed methods in a number of cases.
The probabilities given by the series are found to be in excellent agreement with the true
values, even for fairly small samples. Providing the sample sizes are not too small, the y2and
F approximations will be sufficiently accurate, the latter providing the better approximation,
and allowing the sample size to be rather smaller than is possible with the X% approximation.
When the number of variates in each group is one, we have a test criterion for the hypothesis
that k variates are mutually independent, and the same procedure provides the series solution
and simple approximations for tests of significance. ‘

In conclusion, I wish gratefully to acknowledge the help and guidance I have received
from Dr H. O. Hartley throughout this investigation. :
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